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Abstract: We presenta tool for designandimplementationof reconfigurablecompu-
ting applicationsbasedon theuseof distributedarithmetic.Our tool providestheuser
thepossibilityto investigatedifferenttradeoffs like areavsspeedfor hisdesign.After
simulationof thedesign,a synthesizableHDL codefor a reconfigurableplatformcan
be generated.Besidethe existing fixed-pointsolutionsfor real numbers,we present
a new approachto handlereal numbersin the IEEE 754 floating-pointformat. The
tool is usedin theimplementationof two applications.Thefirst oneis theimplemen-
tationof a recursive convolution algorithmfor time domainsimulationof multimode
intrasysteminterconnectsandthe secondoneis the implementationof adaptive me-
chatronicalmulti-controllersystems.

1 Intr oduction

Distributedarithmetic(DA) [Wh89, Mi00, Xi95, Xi00a] is usuallydefinedascomputation
usinglook-up table. The main applicationof DA is the dot-productcomputationof two
vectors,whereoneof thetwo vectorsis constant(i.e all theelementsareconstantvalues).
In this case,all the additionsin which at leastoneelementof the constantvector is in-
volved areprecomputedandstoredin a look-up table. At run-time,the elementsof the
variablevectorareusedto addressthelook-uptableandretreivepartialsumsin abit-serial
(1-BAAT, 1 Bit At A Time) manner.
Oneof the notablecontribution in DA hasbeendoneby White [Wh89]. He proposed
the useof ROMs to storethe pre-computedvalues.The surroundinglogic to accessthe
ROM andretrieve thepartialsumshasto beimplementedon a separatechip. Becauseof
this moribundarchitecture,the DA methodcouldnot be successfullyused.With theap-
pearanceof SRAM basedFPGAs,theDA becameaninterestingalternative to implement
signalprocessingapplicationin FPGA[Mi00, Xi95, Xi00a]. Becauseof theavailbility of
SRAMsin thoseFPGAs,theprecomputedvaluescouldnow bestoredin thesamechipas
thesurroundinglogic.



AltoughDA is usedfor many applications,theusersstill have to designtheir systemsand
investigatethe different tradeoffs by hand. This processis not alwayseasyandcanbe
time consuming.On theotherhand,fixed-pointformatis usedto representrealnumbers.
This resultsin the lost of accuracy aswell as the limitation of the numbersrange. We
have developeda framework to help designersin the developmentof signalprocessing
applicationsusingtheDA. Moreover we areableto handlerealnumberin the IEEE 754
floating-pointformat.
Therestof thepaperis organizedasfollows: Section2 providesthebasicsof distributed
arithmeticsaswell asourmethodfor handlingrealnumbers.In section3 our tool, theDA
generatoris presentedwhile section4 shows how DA canefficiently benefitfrom partial
reconfiguration.In section5 wepresenttheapplicationof our framework for thegenerati-
on andevaluationof thecodefor two signalprocessingapplications.Section6 concludes
thepaperandgivessomeindicationsfor futurework.

2 Distrib uted Arithmetic

Theideabehindthedistributedarithmeticis to distributethebitsof oneoperandacrossthe
equationto becomputed,suchasto obtainanew equationwhichcanthenbecomputedin
a moreefficientway. For thedot-product,we aregiventhefollowing equation:

Z � X � A � n

∑
i � 0

�
Xi

� Ai � (1)

The vectorA is a constantvectorof dimensionn while X is a variablevectorof the sa-
me dimension.With the binary representation∑w � 1

j � 0 Xi j2j (wherew ist the width of the
variablesandXi j ��� 0 	 1 
 is the j-th bit of Xi) of theXis,equation(1) canbewrittenas:

Z � n

∑
i � 0

Ai
� w � 1

∑
j � 0

Xi j2j � w � 1

∑
j � 0

2j
n

∑
i � 0

Xi jAi (2)

Equation(2) representsthegeneralform of adistributedarithmenticsinceeachbit of each
variableoperandcontributesonly onceto the sum∑n

i � 0Xi jAi. BecauseXi j ��� 0 	 1 
 , the
numberof possiblevalues∑n

i � 0 Xi jAi can take is limited to 2n. Therefore,they canbe
precomputedandstoredin a look-up table. We call sucha look-up table a distributed
arithmeticlook-up table (DALUT). The DALUT hasthe size w � 2n bits. The n-tupel
(X1 j 	 X2 j 	������	 Xn j) is then usedto addressthe DALUT and retrieve the value ∑n

i � 0 Xi jAi.
The completedot-productZ requiresw stepsto be computedin a 1-BAAT manner. At
step j, the j-th bit of eachvariableare usedto addressthe DALUT and retrieved the
value ∑n

i � 0 Xi jAi. This value is then left shifted by a factor j (which correspondsto a
multiplication by 2j) and accumulated.After w accumulations,the valuesof the dot-
productcan be collected. The DA datapathis then obvious as illustrated in Figure 1.
Many enhancementscanbe doneon a DA implementation.The sizeof the DALUT for
examplecouldbehalvedif only positive valuesarestored.In this case,thefirst bits of a
numberrepresentingthesignwill beusedto decideif theretrievedvalueshouldbeadded
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Abbildung1: TheDALUT dot-productcomputation

or substractedfrom theaccumulatedsum. On theotherhandit is obviousthatall thebit
operationsareindependentfrom eachotherandthereforecouldbedonein parallel. The
degreeof parallelismdependson theavailablememoryto implementtheDALUTs. In the
casewherew DALUTs canbe instantiatedin parallel,computationof the completedot-
productcanbedonein only onestep.In general,if k DALUTs areinstantiatedin parallel,
thenw � k stepsarerequiredfor thecompletecomputation.Thecomputationis donein this
caseona k-BAAT basis.

2.1 High DimensionalDistrib uted Arithmetic

In many areas,for examplein mechanicalcontrol, computationsarenot only limited to
dot-product.Matrix operationsareusedasshown in equation(3).���

�
z1

z2

...
zs

����
� � �� a11 ... a1r

...
a1s ... asr

��
���
�

x1

x2

...
xr

����
� (3)

Equation(3) canbeimplementedusings DALUTs. Thei-th (i ��� 1 	����	 s 
 ) DALUT is used
for thedotproductzi

� ∑r
j � 0x j

� ai j usingtheconstantsai1 to air. If thereis enoughspace
on thechip to hold all theDALUTs andtheresultingaddertree,thenequation(3) canbe
computedin just oneclock. If thereis not enoughspaceto hold theaddertreebut enough
memoryto hold theDALUTs thenthecomputationhave to bedonesequentially. As we
will seelaterpartial reconfigurationcanalsobeusedto implementmany dot-productsif
thereis not enoughmemoryon thechip to hold all theDALUTs.



2.2 Floating-point Distrib uted Arithmetic

The straightforwardapproachto handlereal numbersin distributedarithmeticis the use
of fixed-pointwhich doesnot differ from theintegerimplementation.However, therange
of a fixed-pointrepresentationaswell astheir precisionis small comparedto thoseof a
floating-pointrepresentation.Thereforewe will like to handlereal numbersasfloating-
point. In this sectionwe presentour conceptfor handlingreal numbersasfloating-point
in the IEEE 754 format in distributedarithmetic. In IEEE 754 format, a numberX is
representedasfollows:

X � ���
1� SX 2eX � 1 � mX (4)

WhereeX is the exponent(we considerthat the substractionwith the bias is doneand
the result is eX ), mX is the mantissaandSX is the sign of X . Without lossof generality,
we will considerthe sign to be part of the mantissa,thusthe new representationis X �
2eX � mX . With A, X andZ beingall floating-pointnumbers,thefloating-pointcounterpart
of equation(1) is givenby:

Z � X � A � n

∑
i � 0

�
Xi

� Ai � � n

∑
i � 0

�
2eAi

� mAi � � �
2eXi

� mXi �
� n

∑
i � 0

�
2eAi

� 2eXi � � �
mAi

� mXi � � n

∑
i � 0

�
2eAi � eXi � � �

mAi
� mXi � (5)

Our goal is to computeandprovide Z asfloating-pointnumber. Thereforewe would like
to read(at eachstepof thecomputation)a floating-pointvalueFi from thefloating-point
DALUT andaddit to an accumulatedsumwhich is alsoa floating-pointnumber. Since
theadderusedat thisstageis afloatingpointadder, issueslikeroundingandnormilization
will beconsideredin its implementation.Fromthelastpartof equation(5), it is obvious
that the value

�
2eAi � eXi � � �

mAi
� mXi � representsa floating-pointnumberwith exponent

eAi � eXi and mantissamAi
� mXi . By settingeFi

� eAi � eXi and mFi
� mAi

� mXi , we
have therequestedvaluesat eachcomputationstep.Insteadof computingtheexponential
part

�
2eAi � eXi � of Fi aswell asits mantissa

�
mAi

� mXi j � online, our approachconsistof
using two floating-pointDALUTS for eachconstantAi. We precomputeand save the
valueseAi � exi in the first DALUT and mAi

� mXi in the secondone. We call the first
DALUT which storesthe exponentsthe EDALUT andthe secondDALUT which stores
the mantissasthe MDALUT. The size of EDALUT: size

�
EDALUT � as well as that of

MDALUT: size
�
MDALUT � aredefinedin equations(6).

size
�
EDALUT � � n � 2 �E � ���E � bits (6)

size
�
MDALUT � � n � 2 �M � ���M � bits (7)�E � is theexponentwidth and �M � is themantissawidth of thefloating-pointrepresentation.

Themainargumentagainstour approachcouldbe that the sizeof the DALUTs usedfor
thisfloating-pointDA implementationwill betoobig andtherefore,themethodcouldnot



be implemented.But if we considera DA implementationinvolving five variablesand
five coefficientsrepresentedin the IEEE 754 floating-pointformat with 8 bits exponent
and10bitsmantissa,thetotalmemoryrequirementfor theEDALUTs andtheMDALUTs
is:

��
5 � 28 � 8� � �

5 � 210 � 10�� � 1024 � 60 Kbits. Thereforethe EDALUTS andthe
MDALUTs will easilyfit into thesmallestlow costFPGA(theSpartanIII, 50)from Xilinx
which has72 Kbits Block RAM [Xi00b]. Our approachis thereforesuitablefor FPGA
implementation.

Having the EDALUTs and the MDALUTs for eachcoefficient, the datapathwill not
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Abbildung2: TheDALUT dot-productcomputation

be implementedas in the fixed-pointor integer case. The variablesare no more input
in a bit-serial way. At step i the variableXi is usedto addressthe two i-th EDALUT
andMDALUT. Thebits of eXi areusedto accesstheEDALUT while thebits of mXi are
usedto accesstheMDALUT in parallel.Thevaluescollectedfrom theEDALUT andthe
MDALUT areusedto build thefloatingpoint numberFi. After n stepsthefloating-point
dot-productis computed.Figure2 shows the datapathfor the floating-pointDA. Since
all theDALUTs for then coefficientsareavailableon thedevice, they canbeaccessedin
parallelto computethedot-productin only onestep.

3 The DA Generator

We have developeda tool to helptheuserin thedevelopmentof DA-basedsignalproces-
singapplications.Becausethoseapplicationsareusuallybasedon thecomputationof the
dot-productof onevectorof variableswith avectorof constants,they areidealcandidates
for a DA implementationin reconfigurablehardware.In our tool, theusercaninvestigate
thedifferenttradeoffs for his application.For a givendevice anda givensetof constants,
we generatedifferentDA implementationsfrom thefull addertree(w-BAAT) which can



be computedin only onestepto the full sequentialDA (1-BAAT). For eachpossibility,
theuseris providedtheareaandspeedof thedesign.Realnumberscanbehandledeither
asfixed-pointor asfloating-pointin the IEEE 754 format with the techniquepreviously
defined.Thewidth of themantissaaswell asthatof theexponenthasto beprovided.As
HardwareDescriptionLanguagewe usetheHandel-Clanguage.

4 Useof Reconfiguration

Thepossibilityof exchangingmechatronicalcontrollersin a runningsystemusingFPGA
hasbeenpresentedin [DBK03]. An adaptivemechatronicalsystemmadeupona monito-
ring partremainingfix (FM) all thetime andtwo reconfigurablecontrollers(CM1, CM2)
arepresented.At eachpoint of time, oneof thetwo controllersmustbeactive to control
theplant.Dependingontheenvironmentfactors,themonitoringpartcanplaceanew con-
troller on a predefinedslot occupiedby theinactive moduleusingpartialreconfiguration.
Thecontrollerof theplant is thenchangedby switchingfrom theactive controllerto the
new loadedone. With this, the systemremainsactive while adaptingitself to its enviro-
nement.Thecontrollercodesareimplementedandstoredaspartialbitstreamsin a ROM
andcanbedownloadedin thecorrespondingslotby themonitoringmodule.A substantial
effort have beendoneto implementthe systemin FPGA.Becausethe routing tools can
route the connectionbetweenthe fixed moduleandthe reconfigurablecontroller in dif-
ferentwaysacrossdifferentconfigurations,the systemmay not work properly if partial
reconfiguratioinis doneto replaceanold controller. To avoid this, fixedcommunication
channelshadto be definedto allow the fix monitoringmoduleto communicatewith the
reconfigurablepartsof the designs.This processis difficult to be automatizedwith the
currenttools.Thereforemostof thework hasto bedoneby hand.
In general,reconfigurationcanbe doneeitherby changingthe DALUTs contentor by
changingthedatapathfrom ax-BAAT to ay-BAAT implementation.Thepreviousdescri-
bedadaptivemechatronicalsystemcanbeeasilyimplementedusingdistributedarithmetic.
Moreover, for a x-BAAT datapath,thecontrolpart is thesamefor all DA designswith a
givennumberof variables,it doesnot needto be changedon reconfiguration.The only
thing we needto do is to fill the memorywith the correctcombinationsof the constant
valuesandrestartthecomputationwith thefixedcontrolpart. This processis easyto be
automatizedandcanbeintegratedin CAD tools.

5 Applications

Our tool wasusedin thedesignof two signalprocessingapplicationswith differenttrade-
offs. Thefirst applicationis therecursiveconvolutionalgorithmof timedomainsimulation
of opticalmultimodeintrasysteminterconnectsandthesecondis theimplementationof the
adaptivemechatroniccontrollerpreviouslydescribed.Thetwo applicationsaredescribed
below.



5.1 Recursiveconvolution algorithm of time domain simulation of optical multimo-
de intrasysteminterconnects

In general,anoptical intrasysteminterconnectcontainsseveral receiverswith optical in-
putsdrivenby transmitterswith opticaloutputs.The interconnectionsof transmitterand
receiversaremadeby a passive optical waveguidewhich arerepresentedasa multiport
(figure 3) usingray tracingapproach.The transferof an optical signalalongthe wave-
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Abbildung 3: An opticalmultimodewaveguideis representedby a multiport with several transfer
paths.

guidecanbecomputedby a multiple convolution process.Frequency domainsimulation
methodsarenot applicableregardingto thehigh numberof frequency. Puretime domain
simulationmethodsaremoreefficient if thepulseresponsescanberepresentedby expo-
nentialfunctions.Theapplicationof a recursive methodfor theconvolution of theoptical
stimulussignalsat the input portswith thecorrespondingpulseresponsesenablesa time
efficient computationof the optical responsesignalsat the belongingoutputports. The
recursive formulato beimplementedin threedifferentintervalsis givenby equation(8).

y
�
tn � � f0 = y � tn � 1 � � (8)

f4 = x0
�

f5 = x1 � f24 = x2 � f53 = x3 �
f0, f4, f4, f24 and f53 areconstantswhile tn � 1, x0, x1, x2, x3 arevariables.ThereforeDA
canbeappliedfor this computation.
For this equation,different tradeoffs were investigatedin our framework. A handel-C
codeweregeneratedandthe completedesignwasimplementedon a systemmadeupon
theCeloxicaRC100-PPboardequippedwith aXilinx Virtex 2000EFPGAandplugedinto
a workstation.
The workstationis usedfor sendingthe variableto the FPGA andcollectingthe result

of thecomputation.Theimplementationof equation(8) in threeintervalsoccupiesabout
14 % of theFPGAareawhile runningat 65 MHZ. Becausewe hadno restrictionon the
space,ourgoalwasto implementthemaximumk-parallelDALUT andtherefore,increase
the computationspeed. We could thereforeimplementa 6-parallel level DALUT, thus
increasingthe performanceof factor 6. The 6-parallelDALUT and the corresponding
adderthreeoccupy about76 % of theFPGAarea.Enoughspaceis left for therouting.



Workstation 1 interval 3 intervals

SunUltra 10 73.8ms 354.2ms
Athlon (1.53GHZ) 558ms 1967.4ms

FPGA (time) 1 interval 3 intervals

Puredot-product 25.6ms 76.8ms
SequentialDA 19.4ms 19.4ms
3-parallelDA 6.4ms 6.4ms
FPGA (area) 1 interval 3 intervals

fit fit
Puredot-product no no
SequentialDA yes(7 % ) yes(14% )
3-parallelDA yes(14% ) yes(42% )

Tabelle1: Resultsof therecursive convolution equationon differentplattforms

Thesamedesignwasimplementedwithoutuseof DA. It couldnotfit into thesameFPGA
andtherun-timewasmuchlonger. Thecomparisonof our DA implementationwith other
implementationis given in table1. Theperformanceaswell astheareaconsumptionof
our implementationis moreefficient thanthatof all theotherarchitectures.

5.2 Digital Linear Controller

Thetaskof acontrolleris to influencethedynamicbehavior of asystemreferredasplant.
If theinput valuesfor theplantarecalculatedon basisof theplant’soutputs,we referto a
controlfeedback.
A commonbasicapproachis to model the plant asa linear time-invariantsystem. Ba-
sedon this modelandtherequirementsof thedesiredsystembehavior, a linearcontroller
is systematicallyderived usingformal designmethods.The controllerasa resultof the
synthesisconsideredabove, is describedasa linear time-invariantsystemanda time dis-
cretizationis performedwhich resultsin equation(9). The input vectorof the controller
is representedby u (measurementsfrom sensorsof theplant),y is theoutputvectorof the
controller(regulatingvariableto actuatorsof the plant)andx is the innerstatevectorof
thecontroller. ThematricesA 	 B 	 C andD areusedfor thecalculationof theoutputsbased
on theinputs.

x
�
k � 1� � Ax

�
k � � Bu

�
k �

y
�
k � � Cx

�
k � � Du

�
k � (9)

wherep � dim
�
u � , n � dim

�
x � andq � dim

�
y �

The taskof the digital systemis to calculateequation(9) during onesamplinginterval.
That includesdeterminingthenew statexk � 1 andtheoutputyk beforethenext sampling
point k � 1.

Thestatespaceequationsof a digital lineartime invariantcontroller(equation(9)) canbe



writtenasaproductof amatrix of fix coefficientsanda vectorof variables.

z > n � q ? 1@ � M > n � q ? n � p @ v > n � p ? 1@ (10)

In general,thecalculationof z evolvesn � q timesthecomputationof ann � p dimension
scalarproduct(eachrow of M hasto bemultipliedwith v). Thematrix M is oftensparse,
thus the dimensionof the scalarproductscanbe reducedfrom n � p to ei, whereei is
the numberof nonzeroplacesin row i of M � This canbe usedto reducethe sizeof the
DALUT in a DA implementationof eq.10.

5.3 Tradeoffsof Distrib uted Arithmetic Implementation

Equation(10)wasimplementedin our framework andthearea/timetradeoff wasexplored
on different levels from the 1-BAAT to the w-BAAT computation.Furtheron, we have
investigatedthe different levels of parallelismfor the n � q dimensionality. This ranges
from thefull sequentialimplementationof the involveddot-productsusingonedata-path
to thefull parallelimplementationusingn � q data-paths.ModernFPGAarchiteturesoffer
several techniquesto implementtheDALUTs. For eachdot-productblock-RAM canbe
used. If we considerusingdual-portRAM, thenthe scalar-productscanbecomputedin
a 2-BAAT fashion. Becausethe DALUT entriesdo not changeduring the computation,
higherordermulti-portRAMs canbeused.ThoseRAMs easilycanbebuildedby multiple
instantiationof oneRAM. Finaly, theDALUT canbeimplementedusingtheFPGAlook-
up tables.
Thecontrollerwhich wasusedin this experimentis thatof the inversependulum.It has
threeinputs(p � 3), two innerstates(n � 2) andoneoutput(q � 1) andoperateswith a
wordwidthof 20 bits. Thereforethe matrix M hasa dimensionof

�
3 	 5� . Sincesomeof

thematrixentriesarezero,threescalar-productshaveto becomputedwith dimension2, 2
and5 respectively. Table2 shows thesynthesisresultsfor trade-offs using1-BAAT (full
sequential),5-BAAT, 10-BAAT and20-BAAT (full parallel). It shows thelatency aswell
astheareaoccupation(asnumberof slices)of thedifferentimplementationson anFPGA
VirtexE.

Archit. Cycles Latency Datapath Area AT-Product
(ns) (op.inputs) (slices) (slices*ns)

1-BAAT 20 645 2 669 431505
2-BAAT 10 344 3 767 263641
5-BAAT 4 159 6 1022 162817
10-BAAT 2 93 11 1379 128749
20-BAAT 1 45 21 1715 76727

Tabelle2: Inverspendulumcontroller:Synthesisresults



6 Conclusion

We havepresenteda tool for designandimplementationof signalprocessingapplications
basedon the useof distributedarithmetic. After a short introductionof the distributed
arithmetic,we have shown how to handlereal numbersin the IEEE 754 floating-point
format. We have usedthetheframework for theimplementationof two signalprocessing
applicationsaswell asthe investigationof differenttrade-offs. The resultswerepresen-
ted andcomparisonto other implementationwas alsomade. Futurework includesthe
introductionof partialreconfigurationroutinein theframework. Thiswill helptheuserto
easilymarkthepartof hisapplicationwhich will bereplacedat run-time.Theframework
will thenbe usedto generatethe partial configurationwhich will be usedto move from
onestateof thedevice to thenext one.
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