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Abstract: We presentatool for designandimplementatiorof reconfigurableompu-
ting applicationdhaseddn the useof distributedarithmetic.Ourtool providesthe user
the possibility to investigatedifferenttradeofs lik e areavs speedor his design.After

simulationof the design,a synthesizabléiDL codefor areconfigurablelatformcan
be generated Besidethe existing fixed-pointsolutionsfor real numberswe present
a new approachto handlereal numbersin the IEEE 754 floating-pointformat. The

tool is usedin theimplementatiorof two applications.Thefirst oneis theimplemen-
tation of a recursve corvolution algorithmfor time domainsimulationof multimode
intrasysteminterconnectandthe secondoneis the implementatiorof adaptve me-

chatronicaimulti-controllersystems.

1 Intr oduction

Distributedarithmetic(DA) [Wh89, Mi00, Xi95, Xi004] is usuallydefinedascomputation
usinglook-uptable. The main applicationof DA is the dot-productcomputationof two
vectors whereoneof thetwo vectorsis constan{i.e all the elementsareconstanvalues).
In this case,all the additionsin which at leastone elementof the constantvectoris in-
volved are precomputedand storedin a look-uptable. At run-time,the elementsof the
variablevectorareusedto addresshelook-uptableandretreive partialsumsin abit-serial
(1-BAAT, 1 Bit At A Time) manner

One of the notablecontribution in DA hasbeendoneby White [Wh89]. He proposed
the useof ROMs to storethe pre-computedralues. The surroundingogic to accesghe
ROM andretrieve the partial sumshasto beimplementecn a separatehip. Becausef
this moribund architecturethe DA methodcould not be successfullyused. With the ap-
pearancef SRAM based=PGAs,the DA becameaaninterestingalternatve to implement
signalprocessingpplicationin FPGA[MI00, Xi95, Xi00a]. Becausef theavailbility of
SRAMSsin thoseFPGAs the precomputedaluescouldnow bestoredin thesamechip as
the surroundindogic.



Altough DA is usedfor mary applicationsthe usersstill have to designtheir systemsand
investigatethe differenttradeofs by hand. This processs not always easyand canbe
time consuming.On the otherhand fixed-pointformatis usedto representeal numbers.
This resultsin the lost of accuray aswell asthe limitation of the numbersrange. We
have developeda framework to help designerdn the developmentof signal processing
applicationsusingthe DA. Moreover we areableto handlerealnumberin the IEEE 754
floating-pointformat.

Therestof the paperis organizedasfollows: Section2 providesthe basicsof distributed
arithmeticsaswell asour methodfor handlingrealnumbersin section3 ourtool, the DA
generatoiis presentedvhile section4 shovs how DA canefficiently benefitfrom partial
reconfigurationin section5 we presentheapplicationof ourframework for thegenerati-
on andevaluationof the codefor two signalprocessingpplications.Section6é concludes
the paperandgivessomeindicationsfor futurework.

2 Distrib uted Arithmetic

Theideabehindthedistributedarithmeticis to distributethebits of oneoperandacrosghe
equationto be computedsuchasto obtaina new equatiorwhich canthenbecomputedn
amoreefficientway. For thedot-productwe aregiventhefollowing equation:

Z=><><A=_i(>wm) (1)

The vectorA is a constantvectorof dimensionn while X is a variablevectorof the sa-
me dimension. With the binary representatiorz‘j"’:_olX”-ZJ (wherew ist the width of the

variablesandX;; € {0,1} is the j-th bit of X;) of the X;s, equation(1) canbewritten as:

Z:éoAi xngm,-zi;gzi iiXiin (@)

Equation(2) representthe generaform of adistributedarithmenticsinceeachbit of each
variableoperandcontributesonly onceto thesumy L, X;;A;.. BecauseX;; € {0,1}, the
numberof possiblevaluesy il o XijAi cantake is limited to 2". Therefore,they canbe
precomputedand storedin a look-up table. We call sucha look-up table a distributed
arithmeticlook-up table (DALUT). The DALUT hasthe size w x 2" bits. The n-tupel
(X1j,X2j, .., %nj) is thenusedto addresghe DALUT and retrieve the value S XijAi.

The completedot-productZ requiresw stepsto be computedin a 1-BAAT manner At

step j, the j-th bit of eachvariableare usedto addresshe DALUT and retrieved the
value ¥, X;jA;.. This valueis thenleft shifted by a factor j (which correspondgo a
multiplication by 2!) and accumulated. After w accumulationsthe valuesof the dot-
productcan be collected. The DA datapathis then obvious as illustratedin Figure 1.

Many enhancementsanbe doneon a DA implementation.The size of the DALUT for

examplecould be halvedif only positive valuesarestored.In this case thefirst bits of a
numberrepresentinghe signwill be usedto decideif theretrievedvalueshouldbeadded
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Abbildung1: The DALUT dot-producttomputation

or substractedrom the accumulatedum. On the otherhandit is obviousthatall the bit
operationsaareindependenfrom eachotherandthereforecould be donein parallel. The
degreeof parallelismdepend®n theavailablememoryto implementthe DALUTS. In the
casewherew DALUTSs canbe instantiatedn parallel,computationof the completedot-
productcanbedonein only onestep.In generaljf k DALUTSs areinstantiatedn parallel,
thenw/k stepsarerequiredfor thecompletecomputation The computatioris donein this
caseonak-BAAT basis.

2.1 High DimensionalDistrib uted Arithmetic

In mary areasfor examplein mechanicakontrol, computationsare not only limited to
dot-product.Matrix operationsareusedasshavn in equation(3).
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Equation(3) canbeimplementedisings DALUTS. Thei-th (i € {1,..,s}) DALUT is used
for thedot productz; = zrj:oXJ x ajj usingtheconstantsy; to &;. If thereis enoughspace
onthechipto hold all the DALUTs andtheresultingaddertree,thenequation(3) canbe
computedn justoneclock. If thereis notenoughspaceo hold theaddertreebut enough
memoryto hold the DALUTSs thenthe computatiorhave to be donesequentially As we
will seelater partial reconfiguratiorcanalsobe usedto implementmary dot-productsf
thereis notenoughmemoryonthechip to hold all the DALUTS.



2.2 Floating-point Distrib uted Arithmetic

The straightforvard approachto handlereal numbersin distributed arithmeticis the use
of fixed-pointwhich doesnot differ from theintegerimplementationHowever, therange
of a fixed-pointrepresentatiomswell astheir precisionis small comparedo thoseof a
floating-pointrepresentationThereforewe will like to handlereal numbersasfloating-
point. In this sectionwe presentour conceptfor handlingreal numbersasfloating-point
in the IEEE 754 formatin distributed arithmetic. In IEEE 754 format, a numberX is
representedsfollows:

X = (—1)%2% x 1.mx (4)

Whereey is the exponent(we considerthat the substractiorwith the biasis doneand
theresultis ex), my is the mantissaand Sy is the signof X. Without lossof generality
we will considerthe signto be part of the mantissathusthe new representatioiis X =
2% x my. With A, X andZ beingall floating-pointnumbersthefloating-pointcounterpart
of equation(1) is givenby:

=}

Z:XxA:.i(Xi x A) = Z}(Ze*\' X Mp) X (2% x my;)

; ) . (5)
= %(2% X 2%5) x (my x my;) = Z)(Ze“exi) X (Ma; x my;)

1= 1=
Our goalis to computeandprovide Z asfloating-pointnumber Thereforewe would like
to read(at eachstepof the computation)a floating-pointvalue R from the floating-point
DALUT andaddit to anaccumulatedumwhich is alsoa floating-pointnumber Since
theadderusedatthis stageis afloatingpointadderissuedik e roundingandnormilization
will beconsideredn its implementation Fromthelast partof equation(5), it is obvious
thatthe value (2% 7)) x (ma, x my,) represents floating-pointnumberwith exponent
en + ex and mantissama, x my.. By settinger, = ep +ex, andmg = mp, X my,, we
have therequestedaluesat eachcomputatiorstep.Insteadof computingthe exponential
part (2°41%) of F aswell asits mantissa(ma, x my;j) online, our approachconsistof
using two floating-pointDALUTS for eachconstantA;. We precomputeand save the
valuesep, + & in the first DALUT and mu x my; in the secondone. We call the first
DALUT which storesthe exponentshe EDALUT andthe secondDALUT which stores
the mantissaghe MDALUT. The size of EDALUT: size(EDALUT) aswell asthat of
MDALUT: size(MDALUT) aredefinedin equationg6).

size(EDALUT) = n x 2l x |E| bits (6)

size(MDALUT) = nx 2M x |M| bits 7)

|E| is theexponentwidth and|M| is themantissavidth of thefloating-pointrepresentation.
The main argumentagainstour approactcould be thatthe size of the DALUTSs usedfor
this floating-pointDA implementatiorwill betoo big andthereforethe methodcouldnot



be implemented. But if we considera DA implementationinvolving five variablesand
five coeficientsrepresentedh the IEEE 754 floating-pointformat with 8 bits exponent
and10 bits mantissathetotal memoryrequiremenfor theEDALUTs andthe MDALUTS
is: ((5x 28 x 8) + (5 x 210 x 10))/1024= 60 Kbits. Thereforethe EDALUTS andthe
MDALUTs will easilyfit into thesmallestow costFPGA (theSpartarll, 50)from Xilinx
which has72 Kbits Block RAM [Xi00b]. Our approachis thereforesuitablefor FPGA
implementation.

Having the EDALUTs andthe MDALUTSs for eachcoeficient, the datapathwill not
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Abbildung2: The DALUT dot-producttomputation

be implementedasin the fixed-pointor integer case. The variablesare no more input
in a bit-serialway. At stepi the variableX; is usedto addresghe two i-th EDALUT

andMDALUT. Thebits of ex, areusedto accesgshe EDALUT while the bits of my, are
usedto accesshe MDALUT in parallel. Thevaluescollectedfrom the EDALUT andthe
MDALUT areusedto build the floating point numberk;. After n stepsthefloating-point
dot-productis computed. Figure 2 shavs the datapathfor the floating-pointDA. Since
all the DALUTSs for the n coeficientsareavailableon the device, they canbeaccesseth

parallelto computethe dot-productin only onestep.

3 The DA Generator

We have developedatool to helptheuserin thedevelopmentof DA-basedsignalproces-
singapplications Becausahoseapplicationsareusuallybasedon the computatiorof the
dot-productof onevectorof variableswith avectorof constantsthey areidealcandidates
for a DA implementatiorin reconfigurabléhardware. In our tool, the usercaninvestigate
the differenttradeofs for his application.For a givendevice anda givensetof constants,
we generatalifferentDA implementationgrom the full addertree (w-BAAT) which can



be computedin only onestepto the full sequentiaDA (1-BAAT). For eachpossibility,
theuseris providedthe areaandspeedf the design.Realnumberscanbe handledeither
asfixed-pointor asfloating-pointin the IEEE 754 formatwith the techniquepreviously
defined.Thewidth of the mantissaaswell asthatof the exponenthasto be provided. As
HardwareDescriptionLanguageve usethe Handel-Clanguage.

4 Useof Reconfiguration

The possibility of exchangingmechatronicatontrollersin a runningsystemusingFPGA
hasbeenpresentedn [DBKO3]. An adaptve mechatronicasystemmadeupona monito-
ring partremainingfix (FM) all thetime andtwo reconfigurablecontrollers(CM1, CM2)
arepresentedAt eachpoint of time, one of the two controllersmustbe active to control
theplant. Dependingontheernvironmentfactors themonitoringpartcanplaceanew con-
troller on a predefinedslot occupiedby the inactive moduleusingpartial reconfiguration.
The controllerof the plantis thenchangeddy switchingfrom the active controllerto the
new loadedone. With this, the systemremainsactive while adaptingitself to its erviro-
nement.The controllercodesareimplementecandstoredaspartial bitstreamsn a ROM
andcanbedownloadedn thecorrespondinglot by the monitoringmodule.A substantial
effort have beendoneto implementthe systemin FPGA. Becauseahe routing tools can
route the connectionbetweenthe fixed moduleandthe reconfigurablecontrollerin dif-
ferentways acrossdifferentconfigurationsthe systemmay not work properlyif partial
reconfiguratioins doneto replaceanold controller To avoid this, fixed communication
channelshadto be definedto allow the fix monitoringmoduleto communicatewith the
reconfigurablepartsof the designs. This processs difficult to be automatizedwith the
currenttools. Thereforemostof thework hasto be doneby hand.

In general,reconfigurationcan be doneeither by changingthe DALUTSs contentor by
changinghedatapattifrom ax-BAAT to ay-BAAT implementationThe previousdescri-
bedadaptve mechatronicasystencanbeeasilyimplementedisingdistributedarithmetic.
Moreover, for ax-BAAT datapaththe control partis the samefor all DA designswith a
given numberof variables,it doesnot needto be changedon reconfiguration.The only
thing we needto dois to fill the memorywith the correctcombinationsof the constant
valuesandrestartthe computationwith the fixed control part. This procesds easyto be
automatize@ndcanbeintegratedin CAD tools.

5 Applications

Ourtool wasusedin the designof two signalprocessingpplicationswith differenttrade-
offs. Thefirst applicationis therecursive corvolutionalgorithmof time domainsimulation

of opticalmultimodeintrasystemnterconnectandtheseconds theimplementatiorof the

adaptve mechatronicontrollerpreviously described Thetwo applicationsaredescribed
below.



5.1 Recursive cornvolution algorithm of time domain simulation of optical multimo-
deintrasysteminterconnects

In general,anoptical intrasysteminterconnectontainsseveral receverswith opticalin-
putsdriven by transmitterswith optical outputs. The interconnectionsf transmitterand
receversare madeby a passie optical waveguide which arerepresenteésa multiport
(figure 3) usingray tracingapproach.The transferof an optical signalalongthe wave-

Vi

Abbildung 3: An optical multimodewaveguideis representedby a multiport with several transfer
paths.

guidecanbe computedby a multiple convolution process Frequeng domainsimulation
methodsarenot applicableregardingto the high numberof frequeng. Puretime domain
simulationmethodsaremoreefficient if the pulseresponsesanbe representetby expo-
nentialfunctions.Theapplicationof a recursie methodfor the convolution of the optical
stimulussignalsat the input portswith the correspondingulseresponsegnablesa time
efficient computationof the optical responsesignalsat the belongingoutputports. The
recursve formulato beimplementedn threedifferentintervalsis givenby equation(8).

y(tn) = fo-y(th1)+ (8)
fa-xo— f5- X1+ foa- X2+ f53-x3.

fo, fa, a4, fo4 and fg3 areconstantshile th_1, Xg, X1, X2, X3 arevariables.ThereforeDA

canbeappliedfor this computation.

For this equation,differenttradeofs were investigatedn our framework. A handel-C
codeweregeneratecindthe completedesignwasimplementedn a systemmadeupon
theCeloxicaRC100-Pmoardequippedvith aXilinx Virtex 2000EFPGAandplugedinto

aworkstation.

The workstationis usedfor sendingthe variableto the FPGA and collectingthe result
of the computation.Theimplementatiorof equation(8) in threeintervalsoccupiesabout
14 % of the FPGA areawhile runningat 65 MHZ. Becauseve hadno restrictionon the
spacepur goalwasto implementhemaximumk-parallelDALUT andthereforejncrease
the computationspeed. We could thereforeimplementa 6-parallellevel DALUT, thus
increasingthe performanceof factor6. The 6-parallelDALUT andthe corresponding
adderthreeoccupy about76 % of the FPGAarea.Enoughspacss left for therouting.



| Workstation | linterval [ 3intervals |

SunUltra 10 73.8ms 354.2ms
Athlon (1.53GHZz) 558ms 1967.4ms
| FPGA(time) | linterval | 3intervals |
Puredot-product 25.6ms 76.8ms
SequentiaDA 19.4ms 19.4ms
3-parallelDA 6.4ms 6.4ms
FPGA (area) linterval | 3intervals

fit fit

Puredot-product no no
SequentiaDA yes(7%) | yes(14%)
3-parallelDA yes(14%) | yes(42%)

Tabellel: Resultsof therecursve convolution equationon differentplattforms

Thesamedesignwasimplementedvithout useof DA. It couldnotfit into thesameFPGA
andtherun-timewasmuchlonger The comparisorof our DA implementatiorwith other
implementatioris givenin tablel. The performanceaswell asthe areaconsumptiorof
ourimplementatioris moreefficientthanthatof all the otherarchitectures.

5.2 Digital Linear Controller

Thetaskof acontrolleris to influencethedynamicbehavior of a systenreferredasplant.
If theinputvaluesfor the plantarecalculatecon basisof the plant’s outputs,we referto a
controlfeedback.

A commonbasicapproachs to modelthe plant asa linear time-invariantsystem. Ba-
sedon this modelandthe requirement®f the desiredsystembehaior, a linear controller
is systematicallyderived usingformal designmethods. The controllerasa resultof the
synthesicconsideredibove, is describedhsa linear time-invariantsystemanda time dis-
cretizationis performedwhich resultsin equation(9). The input vectorof the controller
is representetdy u (measurementsom sensor®f theplant)y is the outputvectorof the
controller(regulatingvariableto actuatorsof the plant) andx is the inner statevector of
thecontroller ThematricesA, B, C andD areusedfor the calculationof the outputsbased
ontheinputs.

x(k+1) = Ax(k)+Bu(
y(K) Cx(k) + Du(

wherep = dim(u), n = dim(x) andq = dim(y)

KoNay

(9)

The task of the digital systemis to calculateequation(9) during one samplinginterval.
Thatincludesdeterminingthe new statexy,1 andthe outputyy beforethe next sampling
pointk+ 1.

Thestatespaceequationf a digital lineartime invariantcontroller(equation(9)) canbe



written asa productof amatrix of fix coeficientsanda vectorof variables.

Z(n+q,1) = M(ntqn+p)V(n+p,2) (10)

In generalthe calculationof z evolvesn + q timesthe computatiorof ann+ p dimension
scalarproduct(eachrow of M hasto be multiplied with v). Thematrix M is oftensparse,
thusthe dimensionof the scalarproductscan be reducedfrom n+ p to g, whereg is

the numberof non zeroplacesin row i of M. This canbe usedto reducethe size of the

DALUT in aDA implementatiorof eq. 10.

5.3 Tradeoffs of Distrib uted Arithmetic Implementation

Equation(10) wasimplementedn our framewnork andthe area/timeradeof wasexplored
on differentlevels from the 1-BAAT to the w-BAAT computation. Furtheron, we have
investigatedhe differentlevels of parallelismfor the n+ g dimensionality This ranges
from the full sequentialmplementatiorof the involved dot-productaisingonedata-path
tothefull parallelimplementatiorusingn+ q data-pathsModernFPGAarchiteturesffer
severaltechniquedo implementthe DALUTSs. For eachdot-productblock-RAM canbe
used. If we considerusingdual-portRAM, thenthe scalarproductscanbe computedn
a 2-BAAT fashion. Becausdghe DALUT entriesdo not changeduring the computation,
higherordermulti-port RAMs canbeused.ThoseRAMSs easilycanbebuildedby multiple
instantiationof oneRAM. Finaly, theDALUT canbeimplementedisingthe FPGAlook-
uptables.

The controllerwhich wasusedin this experimentis that of the inversependulum.It has
threeinputs(p = 3), two inner stategn = 2) andoneoutput(q = 1) andoperatesvith a
wordwidth of 20 bits. Thereforethe matrix M hasa dimensionof (3,5). Sincesomeof
thematrix entriesarezero,threescalarproductshave to be computedvith dimensior2, 2
and5 respectiely. Table2 shaws the synthesigesultsfor trade-ofs using1-BAAT (full
sequential)5-BAAT, 10-BAAT and20-BAAT (full parallel). It shavsthelateny aswell
astheareaoccupationasnumberof slices)of the differentimplementation®n an FPGA
VirtexE.

Archit. Cycles | Lateny Datapath Area | AT-Product
(ns) (op.inputs) | (slices) | (slices*ns)
1-BAAT 20 645 2 669 431505
2-BAAT 10 344 3 767 263641
5-BAAT 4 159 6 1022 162817
10-BAAT 2 93 11 1379 128749
20-BAAT 1 45 21 1715 76727

Tabelle2: Inverspendulumcontroller: Synthesisresults



6 Conclusion

We have presented tool for designandimplementatiorof signalprocessin@gpplications
basedon the useof distributed arithmetic. After a shortintroductionof the distributed
arithmetic,we have showvn how to handlereal numbersin the IEEE 754 floating-point
format. We have usedthe the framework for theimplementatiorof two signalprocessing
applicationsaswell astheinvestigationof differenttrade-ofs. The resultswere presen-
ted and comparisonto otherimplementatiorwas also made. Futurework includesthe
introductionof partialreconfiguratiorroutinein the framework. Thiswill helptheuserto
easilymarkthe partof his applicationwhich will bereplacedat run-time. Theframework
will thenbe usedto generatehe partial configurationwhich will be usedto move from
onestateof the device to the next one.
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