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Abstract

processor arrays can be used as accelerators for a plenty of data flow-dominant applications. The
explosive growth in research and development of massively parallel processor array architectures
has lead to demand for mapping tools to realize the full potential of these architectures. Such
architectures are characterized by hierarchies of parallelism and memory structures, i.e. processor
array apart from different levels of Cache have large number of processing elements (PE) where
each PE can further contain Sub-Word parallelism. In order to handle large scale problems, bal-
ance local memory requirements with I/O-bandwidth, and use different hierarchies of parallelism
and memory one needs sophisticated transformation daikbedrchical partitioning In this paper,

we introduce for the first time a detailed methodology encompassing hierarchical partitioning.



1 Introduction

The perennial need for faster computation by exploiting concurrency has driven the development
of parallel architectures. Such architectures are ubiquitous in modern computing systems ranging
from very large instruction word (VLIW) processors to supercomputers. On one hand, general pur-
pose parallel computers have farms of SIMD or MIMD multiple processors. These platforms of-
fers an optimal platform for the parallel execution of number crunching algorithms from the fields
of digital signal processing, image processing, humerical simulation, visualization, etc. There-
fore, a major field of research is the automatic parallelization of such software loopfo(eng.

while loops in C) onto parallel architectures. The polytope model is an intuitive methodology
for loop parallelization and mapping of loop nests onto parallel systems [1]. SUIF and PIPS are
state-of-the-art parallelizing compiler based on polytope model [2]. On the other hand, reducing
integration densities and consideration of area, cost, and power for reasons of mobility, portabil-
ity has lead to development diomain-specifi@architectures. There are numerous well known
software/hardware alternatives, including digital signal processors (DSPs), custom application-
specific integrated circuits (ASICs), application specific instruction processors (ASIPs) including
graphic processors and field programmable gate arrays (FPGAS) and also lesser known ones such
as corse-grained processor arrays (CGAs). DSPs and ASIPs exploit instruction level parallelism
(ILP) which may not suffice for many applications thus calling for flexible alternatives such as
multi-DSP systems, ASICs, FPGAS, etc. These solutions can exploildmior iteration level
parallelism The accelerators for loop programs in ASICs, CGAs and FPGAs can be realized as
massively parallel processor arrayBrocessor arrays consist of an array of 1-D or 2-D processing
elements (PE) that may contain sub-word processing units with only very few memory and regu-
lar interconnect structures. Processor arrays are girdled by memory banks and hierarchy of caches
for parallel and fast access of data. These architectures also calls for mapping tools in order to
realize their full potential. The mapping tools should be able to obtain synthesizable architecture
descriptions (ASICs, FPGAS) or generate program for a given fixed processor array architecture
(e.g. CGAs) from software descriptions. In last two decades lot of research in academia and in-
dustry has spawned state-of-the-art design tools as PICO-Express [3], MMalpha [4], PARO [5],
etc. A perpetual challenge of such tools is in matching resource constraints of given architec-
ture (e.g. number of PEs, functional units, memory banks, I/O pins) with parallelized program
or generated hardware description through interaction of program transformations and architec-
ture constraintsPartitioning is a fundamental transformation for parallelizing compilers which
tackles the problem of hardware matching. Partitioning deals with the division of the index space
of the loop program into disjoint subsets callilds and schedule the corresponding iterations.
The popularly known partitioning schemes are local parallel global sequential (LPGS), or local
sequential global parallel (LSGP) scheme. The massively parallelism might be expressed by dif-
ferent types of hierarchical parallelism: (1) several parallel working processing elements (PES),
(2) functional and software pipelining, (3) multiple functional units within one PE, and finally, (4)



sub-word parallelism (SWP) within the PEs. The mentioned partitioning schemes do not suffice to
match available massive parallelism with I/O rate and hierarchical memory constraints. Therefore
co-partitioningwhich partitions an already partitioned index space was introduced with enhanced
hardware matching [6]. This idea has been generalizeuhierarchical partitioningwhere a

index space is recursively tiladtimes in order to match hierarchical massive parallelism, hierar-
chical memory constraints, and 1/O rates. In this paper, we introduce for the first time a detailed
methodology encompassing hierarchical partitioning.

However first in section 2, we introduce the related work. Subsequently in section 3, a brief
description of our design flow along with definitions and notations is given. Section 4 contains a
intuitive introduction and algebraic formulation of partitioning transformation. In section 5, we
unveil our exact methodology for hierarchical partitioning. Finally in section 6 we conclude and
present the outlook for future work.

2 Related Work

Partitioning is known under modern compiler theory under different terminology like strip-mining,
loop tiling [7]. The traditional loop tiling as in compiler theory introduces integer division, mod,
ceil, and floor operators which lead to index spaces that are no convex sets. This is not only inef-
ficient for hardware designs but also are not allowed in recurrence equations [8] which form the
underlying framework of design methodologies in polytope model. The DTSE methodology [9]
from IMEC is another compilation method based on the polytope model which has studied hier-
archical partitioning but only for general purpose embedded processors and not processor arrays
or multi-processors. PIPS tries to solve the problem of hardware matching by multi-dimensional
scheduling (in other words partitioning in processor-time domain). Outstanding among all par-
titioning schemes is the introduction of the idea of co-partitioning in [10]. However the exact
methodology for dealing the idea is not studied.

3 Background and Notation

Few compiler techniques for mapping loop algorithms onto massively parallel architectures are
based on loop parallelization in polytope model. The theory has its origin in research for automatic
generation of systolic arrays. However it was lacking in treatment of compilation of loop algo-
rithms under architectural constraints, i.e. for a given fixed processor array architecture. Several
transformations such as partitioning, localization, etc. have been proposed for loop compilation
in the polytope model [11]. In this section we first give a brief overview of our existing mapping
methodology PARO. The design flow of our approach is given in Fig. 1. The starting point is al-
gorithmic description as a set of recurrence equation. The algorithm descriptions are then further
transformed byembeddingf variables localization(vectorization), and other transformations in

the polytope model for reasons of hardware generation. Furthermore a space-time mapping of
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Figure 1: PARO Design Flow. Our current design flow for developing VLSI processor array ar-
chitectures is determined by the transformations in solid ellipses. Here, we extend the
design flow (dashed boxes) to handle fixed array architectures by introduction of archi-
tectural constraints and parameter matching.

the transformed program is carried out in order to obtain a architecture description for input to a
back-end code generator for compiling the program onto a given processor array architecture. For
the sake of brevity, we refer to [12] for an introduction to space-time mapping and the back-end
code generator. First we recapitulate the class of algorithms we are dealing withpiatiediise

linear algorithms(PLAS).

Definition 3.1 (PLA). Apiecewise linear algorithroonsists of a set of N quantified equations,
Si(],...,S[l],...,Sv][l]. Where each equation [§ is of the form

VieZ : %[RI+f] = F(...,x[Qjl —djl,...) ifc() 1)

where x, x; are linearly indexed variablesF; denote arbitrary functions,;PQ; are constant
rational indexing matrices andj,fd; are constant rational vectors of corresponding dimension.
The dots.. denote similar arguments.d Z; C Z" is a linearly bounded lattice (definition follows),
called iteration space of the quantified equatigfi|S The set of all vectors P+ f;, | € Z; is called

the index space of variable.¥-urthermore, in order to account for irregularities in programs, we
allow quantified equations §] to haveiteration dependent conditionalenoted by if conditional.



Definition 3.3 (lteration Dependent Conditional). A conditiond@l(1) is callediteration depen-
dent conditionabf an equation and can be equivalently expressedd¥d C Z", where the space
Zc is an iteration space calledondition space

A PLA is calledpiecewise regular algorithniPRA) if the matriced? andQ; are the identity
matrix. Piecewise regular algorithms have ordgular or uniform dependenciesiowever 45%
of all programs are characterized bifine or non-uniform dependencie§he domainsZ; are
defined as follows:

Definition 3.4 (Linearly Bounded Lattice). Anearly bounded latticelenotes an index space of
the form
T ={1eZ" |l =Mk+c A Ac>b}

wherex € Z!, M € Z™!, cc Z", Ac Z™! and be Z™. {x € Z' | Ak > b} denotes the set of
integral points within a convex polyhedron or in case of boundedness within a polyt@peTihis
set is affinely mapped onto iteration vectors | using an affine transformatierMk + c).

Throughout the paper, we assume that the madrig square and of full rank. Then, each veator

is uniquely mapped to an index pointFurthermore, we require that the index space is bounded.
Informally one can say the equations form the kernel of the loop nests whose range and bounds
can be represented as LBLs. In the following example we illustrate the PLA notation with help of
a FIR filter example.

Example 3.1 The FIR (Finite Impulse Response) filter is described by the simple difference equa-
tion y(i) = y"5'a(j) -u(i — j) with 0 <i < T, N denoting the number of filter tapg,jathe filter
coefficients, (i) the filter input, and §i) the filter result. The difference equation parallelization
andembeddingi.e. &0, j)=a(j), u(i— j,0=u(i — j)) in a common index space can be written

as the following PLA

ali,j] =a0j]; uli,j] =uli—j,05 xi,j] = ali,j]-ufi,j];

yli,il = yli, i =1 +xi, j]if j > 0; )
with the iteration domairZ = {(i,]) |0<i<T—-1 A 0<j<N-1}. ifj > Ois the iterative
dependent conditional for the corresponding statement. The transformatalizationconverts
affine dependencies into uniform dependencies by propagation of data from one index point to
neighboring index point (see Fig. 2(b)). This enables a regular communication structure in hard-

ware and enhances data reuse. After localization of variable u, the FIR filter has the following
PLA description.

afi, j] = a0, j]
uli,j] = uli—-1,j—1ifi>0A]>0; ufi,j] = ufi—j,0ifi=0vj=0
x[i,j] = afi, j]-ufi,j]; i, ] = yli, i =1 +x{, j]if j>0; 3)



4 Partitioning

Partitioning is a well known transformation which covers the index space of computation using
congruent hyperplanes, hyperquaders, or parallelepipeds tied he transformation has been
studied in detail for compilers and its use has led to program acceleration through better cache
reuse on sequential processors (l@op tiling or blocking [7], implementation of algorithms on

given parallel architectures from supercomputers to multi-DSPs and FPGAs (Field Programmable
Gate Arrays) [13]. It is carried out in order to match a loop nest implementation to resource
constraints in terms of available number of processing elements (PEs), local memory, and com-
munication bandwidth. Well known partitioning techniques are multi-projection, LSGP (local
sequential global parallel, often also referred as clustering or blocking) and LPGS (local parallel
global sequential, also referred as tiling). Formally, partitioning divides the index gpasing
congruent tiles such that it is decomposed into spdgesndZ,, i.e.,Z — 1 DTt I, e Z"
represents the points within the tile afigle Z" accounts for regular repetition of the tiles, i.e.,

the origin of each tile. In case of parallelepiped shaped tiles, tiles are defined by tiling matrix,
P. Hierarchical partitioning methods have been studied in [6]. These partitioning techniques use
different hierarchies of tiling matrices to divide the index space. Co-partitichisguch an ex-
ample of a 2-level hierarchical partitioning [6], where the index space is first partitioned into LS
(local sequential) tiles, this tiled index space is tiled once more using GS (global sequential) tiles
as shown in Fig. 2. Formally, it is defined as splitting of an index space into s@ac#és and

T3, i.e., T — T1 &I, & I3 2 using two congruent tiles defined by tiling matric&s and Pgs,

7, € Z" represents the points within the LS tiles dide Z" accounts for the regular repetition

of the origin of LS tiles (i.e., tiles marked with dashed line in Fig. 2)&)c Z" accounts for the
regular repetition of the GS tiles (i.e., bigger tiles marked with solid line in Fig. 2)a). Similarly
an n-hierarchical partitioning method splits the index spdcimto n+ 1 spaces. The different
partitioning schemes such as LSGP, LPGS, and co-partitioning are defined by specific scheduling
which are typically realized through appropriate affine transformations defining the allocation and
scheduling (see subsection 5.4).

Example 4.1 Co-partitioning of the iteration space of localized FIR filter example and FIR filter
with no localization of variable a is shown in Fig. 2a) and 2b) respectively. The loop matrices

used for tiling are
PGs:(gg) F’Ls=<§2)

The new PLA obtained on application of co-partitioning on PLA given in Eq. 3 is given as follow-
ing which can be also be attested by Fig. 2.

e, ={i=ii+P-iz|i1eTy AipeT, A PeZ™"}

2Co-partitioning uses both LSGP and LPGS methods in order to balance local memory requirements with 1/0 band-
width with the advantage of problem size independence.

311@12@13 ={i=i1+Rs-i2+Pss-iz|it€Z1 ANip€Tp Aiz€ T3 A RsPesc Z™"}



alis, ju,iz j2.is.js] = { a[0,j1,0.j2.0.jg]

UA(i1—|—2-i2+4'i3—(6'j3) if j1:0/\j220
Ug(4-i3—(j1+3-j2+6-j3) if iT=0Aj1>0Ai2=0
ufin —1, j1—1,i2, jo,is, j3] if ip>0Aj1>0
uin+1,j1—21,i2—1, j2,i3, j3] if i1=0Aj1>0Ai2>0
Wit— 1, j1+ 2,02 j2— L,i3, ja] if i7>0Aj1=0Aj2>0
ufie, j1,i2, j2,13, ja] = Ulin+1,j1+2,i—1, j2—1,i3, j3] if iT=0A]J1=0Ai2>0
Aj2>0
U[i1—|—1,jl—l,i2+1,j2,i3—1,j3] if i1=0/\j1>0/\i2:0
ANig>0
u[i1+1,j1+2,i2+1,j2—1,i3—1,j3] if i1:O/\j1:0/\i2:0
ANj2 >0Aiz3>0

X[i1, j1,02, j2,i3,j3] = ali1, j1,i2, j2,i3, j3] - Uli1, 1,2, j2,i3, j3] (4)
0+X[i1, j1,i2, J2,i3, j3] if j1=0

Yli1, j1,i2, j2,03,j3] = o o o ./\j.ZZO/\j3:O
Ylix, ja— 1,02, j2,is, ja] + X{i1, j1,i2, j2,i3, |3 if j1>0
Vi, j1+2,i2, j2—1,i3, ja] +X[i1, j1,i2, j2,i3,j3] if j1=0Aj2>0

Yli1, j1.i2, j2,i3,j3] = Y[, j1,i2, j2,03,j3] if js=0Aj2=1Aj1=2

forallly = (i1 j1)T € Z1, I = (i2 j2)" € I, and k = (i3 j3)" € T3, with
I1={11€7%]0<i1<20<j1<3},T,={l,€Z?| 0<i, < 2,0< jp < 2}, and

Zz={l3€Z?| 0<i3<2,0< j3< 1} One can verify that the index pointd (4,3) is uniquely
mapped tod = (0,0), I, =(0,1) and k = (1, 0) after co-partitioning. The dependency of variable,

u leads to several new equations to account for embedding of equation in new index space defined
by I, I, and k. e.g I = (4,3) receives u value from+ (3,2). In the new index space of six
dimensions,il= (0,0), I, = (0,1) and k = (1,0) receives u value from k= (1,2), I, = (1,0) and

I3 = (0,0). This is accounted by the last equation of u. The variable Y contains the final output
value and |4 and Us are the input values of variable u from memory.

Therefore, the problem to be dealt in the paper is that given an input PLA both with uniform
and affine dependencies. How does one obtain an output PLA preserving the dependencies on
hierarchical partitioning? And how to schedule the output PLA to obtain processor-time descrip-
tion for hardware generation. However the approach presented in the paper is not only limited to
processor arrays but can be used for program analysis for parallelization. In the next section, we
introduce our methodology for hierarchical partitioning of PLA.
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Figure 2: (a) Dependence graph of a localized co-partitioned FIR filter. (b) Dependence graph of

a co-partitioned FIR filter where variabées not localized. Furthermore, the dash filled
circles are the iteration points producing the final outut

5 Hierarchical Partitioning

The following methodology for partitioning proposed in this section encompasses all possible par-
titioning techniques (i.e. LSGP, LPGS, Co-partitioning, ...). The only major assumption is the
standard use of congruent parallelepiped tiles for partitioning. Fig. 2(b) shows a partitioned index
space with affine and uniform data dependencies. The firsttiiteg of index space which is
equivalent to problem ddtrip mining or loop tilingin compiler theory. The only difference being

is that resulting index space is a LBL. However, in our methodology we go one step further by
embedding the data dependencies in new tiled index space. The advantage of this data dependence
analysis step is that we remain in the polytope framework which offers possibility of mapping the
algorithms onto massively parallel architectures. The modern compilers use the tiling transfor-
mation only to enhance data reuse and henceforth faster programs by reducing cache misses on
uni-processor machine therefore no embedding of dependencies is done in modern compilers. The
partitioning not only embeds the data dependencies but also the iterative conditionals in the new
index space. Furthermore the new data dependencies are also associated with unigue iterative con-
ditionals. Finally scheduling is an important step for describing the place and time co-ordinate of
execution of each iteration in tiled index space and hardware generation. Therefore our approach
for partitioning is constituted of the four stefiing, embeddingf data dependencies and control
conditionals and finallgcheduling In following subsections, we discuss these ideas.



5.1 Tiling: Decomposition of Index Space

Similar to the idea that square tiling of a loop nest of depth 2 gives a loop nest of depth 4.
Hierarchical partitioning tiles converts global iteration space of dimensiamo (n+ 1) - m di-
mension index space ( for loop tilimg=1). l.e. the global iteration spa@eis decomposed into

the direct sum ofn—+ 1) subspacegi, Zy, ..., andZp,1 suchthal C 71 @ Lo ® ... ®Zni1. 11
accounts for the index points in innermost til&s.accounts for the regular repetition of innermost
tiles (i.e. Z1) and so on they collectively form the new index space. The tiles are parallelepiped
and are described by timtiling matrices P, P, ..., P,) and a tiling offsefy which describes the
origin of tiling. If we assume the initial index spageto be of the formZ = {I|A-1 > b}. Then

the iteration bounds for new index spd&gyw can be represented in form of LBLs as following.

I1 E O 0 Iy 0
I 0 Pl ... 0 2 0
new={| . [=]. _ A el
: Do 0
Int1 0 0 .. P; Int1
At O ... by
0 A ... b
A Ny 5)
0 0 .. |n+1 b1
where,
c-adj(P) B
—o-adj(P) -\ (=0- det(P)+1)-e
c-adj(P,)
A= =
—o-adj(P,) —c-det(P,) +1)-e
- o-adj(
An: J =
—0- adJ —o-det(P) +1)-e
P b . /
Aniilni1 > by = Proj <A”O” AA”> <I”> > ( ”+£” q).AIsoo: lgg;ggg\ andP, =", P.

Proj defines the orthogonal projection over subspace defined by varialletaneliminate all
variables inl. It may be noted that above LBLs can also be written in terms of for loops.

Example 5.1 The iteration space of FIR filter example in section 3 & {{i

pr:o<i<

11,0 < j < 5}) is co-partitioned (i.e. 2-hierarchical partitioning) with help of partitioning ma-

. 0
trices R =
3

2 0 . . .
>, P = <0 2) and g= (0 0)" for inner, outer tiles, and offset respectively.

This tiling in two dimension with only one partitioning matrix is popularly knowis@sare tiling



i1 10000 0 it 0
i1 01000 0f]i 0
Inew_{i'zzoozooo?eroA

j2 000 30 0f]j 0

is 0000 4 0f]i 0

i3 00000 6 \j 0
1 0 0 0 0 0 0
-3 0 0 0 0 O -5
0O 1 0 0 0 O 0
0 2 0 0 0 0f/i -5
0 0 1 0 0 O0ffi 0
0 0 -2 0 0 O0ffi -3
0 0 0 1 0 O0f]ij “1 o | ©)
0 0 0 -2 0 0]is -3
0 0 0 0 0 24| \js -23
O 0 0 0 0 -6 -5
0O 0 0 0 24 0 -23
0O 0 0 0 -4 0 ~11

in compiler literature. Then on applying above formulas one obtains the new index space for FIR
filter as shown in Eg. 6. On simplifying the bounds and removing redundant variables one can
write the tiled iteration space in terms of for loop (assuming a sequential scheduling order) as
following.
For(i1=0;i1 < 1;i1++)
For(j1=0;j1 < 2;j1++)
FOI'(iZZO; ir < 1;i2++)
For(j2=0;j2 < L;jo++)
FOF(igZO; i3 < 1;i3++)
For(j3=0;j3 < 0;ja++)

However our tiling differs with loop tiling in compiler literature [7] in case of non-perfect tiling.
Where we introduce dummy operations for invalid iteration points instead of introducing com-
plex floor and division operations in the loop bounds. The reason being that extra operations are
compensated by reduced loop overhead which is important for massively parallel implementation.



5.2 Embedding: Splitting of Dependencies

The existing affine and regular dependencies needs to be embedded in the new tiled iteration
space. This step introduces new equation with new dependencies and iterative conditionals in
case dependencies cross different tiles. All equations (as in Def. 3.1) are first brought in the form
x[l] = F(...,y[Ql—d],...)VI € I¢ by transformation calledutput normal form For the sake

of simplicity above equation is written in equivalent form as following.

x[(I]=F(..,z[l],...)V I €L z[l]=y[Ql—d]VI € Z;
The purpose of embedding is to embed the equations in the new index space as following.

X[Il7|27"‘a|n+1] :f("'7z[|la|27"'aln+1]7"‘)

z[ly, 2. Ihya] =Y[Ql1—d—Ro,Qlo— (R1 —Ro),...,Qlh— (Ri—1— Rn),Qlnr1 + Ry]

One canwrit®Ql —d=Q(l1+I2+...+1py1) —d=(Ql1 —d —Rp) + (Ql—R1 +Rp) +... + Qln —
(Rn—1—Rn—2) + Qln+1+ Ra—1) (as all theR; terms cancel each other ),therefore the problem is to
find all distinct(Ro,Ry,...,Ry), St. Qi —d—Ro€Z1, Ql — (R —Ro) € Zo, ..., Qi1+ Ry €
Zn+1- In [14], it was shown fon =1 (i.e. simple partitioning) one can setup setup a constraint
polytope and enumerate all its point to find different possible valud,ofin this section we
introduce the method for embedding of dependencies in caséhigrarchical partitioning. We
first explain the extension with help of co-partitioning (i.e. 2-hierarchical partitioning).
Co-partitioning is partitioning done twice on an index space. Therefore there can be two ap-
proaches. In the first approach the PLA is partitioned twice. |.e.
Z =Tiling(l,Py) = Embeddingl1,12) = Tiling(l1,12, ) = Z1 ®Z>®Z3 = Embeddindly, |2, 13),
therefore tiling and expand operations are applied twice. As enumeration is done twice the exe-
cution time of the approach is quite high and introduces redundant equations. However in the
second approach the hierarchical partitioning is done directlyZl-e. 71 & 7> & Z3, tiling and
embedding operations are applied only once. Therefore on following second approach, we need
to define embedding operation for hierarchical partitioning. The embedding transformation for
co-partitioning gives equation of the form.

x[lyl2,18] = F(...,z[l1,l2,13],...)
z[ly,12,13] = y[Ql1—d—Ry,Ql2+Ro—Ry,Qlz+Ry]

therefore the problem is to find &Ry, Ry ), s.t. (8)Ql1 —d —Rp € Z3, (b) Ql2+Ro— Ry € Z,, and
() Qls+Ry € Z3. From Eq. 5 and (c) we infég = Py- 13 +bAAg- 13> bz andQ- I3+ Ry = P5-13+q
(WhereAAs - 13 > bg). HenceR; must satisfy

Ri=Pl5+q-Q(PaI3+0)

10



Similarly from Eq. 5 and (b), we infdp = P, - 13 AAz- 13 > b andQ- 1, — Ry +Ro = P; - 13 (where
A, 13 > by). HenceRy must satisfy

Ro= Ry +PI3— Q(PI3) = PI3— Q(PI3) + PI3+q— Q(P.I3 +q)

Lastly, As - 11 > by andA;(Q- 11 —d — Ry) > by (from (a)). On replacindz, we get following set
of inequalities orconstraint polytope

A-Q AQ-P, —A-P, AIQP, —A-P ’ by +A1-g—A1Q-q+Ad
A 0 0 0 0 1 by
0 Ao 0 0 0 IZ? - by
0 0 Ao 0 0 If - by
0 0 0 As 0 2 b
0 0 0 0 As 3 bs

The above polytope hasnvariables and one must enumerate all its integral points which leads to
distinct(Ry, Ry). For each distinct value a new equation is generated. The enumeration is done by
scanning the polytope for integer points lying in the rectangular hull of the polytope. The above
argument can be extended by induction fielierarchical partitioning and gives following set of
equations.

n
A1'Q|1+ZA1Q'Pn|r11—A1'Pn|ﬁ >bi+Ar-c—AQ-c+Ad
11

Aql; > by
V2<i<n+1;All>Db
V2<i<n+1; AlZ>D

Similarly by enumerating for each dependen@y &ndd) and finding distinct{Ry,...,R,-1) one
can add new equations to the partitioned description of the algorithm.

Example 5.2 For our running FIR filter example one obtains the set of new equations as in table
1. Variable a with affine dependency yields only a single distiRgtR;). whereas the variable

u with uniform dependency({ 1)7) gives 6 distinct values @Ro,R;). Therefore, the number of
equations in obtained output PLA for variables a, u, and y are 1, 6, and 3 respectively. E is the
identity matrix. The input variablesdJand Us are also embedded in partitioned index space. In
case of partitioning, the intuitive explanation of larger number of equations is due to dependencies
crossing the tiles. The circuit interpretation of the program is that one need multiplexers to select
the correct input. The control signals to the multiplexers are determined by the iterative control
conditionals. The methodology to derive the corresponding control signals is discussed in the next
subsection.
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’ Equations ‘ Q ‘ d ‘ Ro ‘ Ry ‘
alin juiz. s, o) = a(0.12.0.12.0.54 (g 2) ©07 | (007 | (00T
ufis, ja,i2, j2,is, ja] = Ulir—1,j1—1,iz, j2,i3, j3 E (1DT| 0OT | (00T
ulis, j1,iz, j2,i3, ja] = ulis+1,ja—1,i2—1,jz,i3, j3] E (197 | (19T | (007
U[il,jl,iz,jz,ig,jg] = U[ilfl,j1+2,i2,j271,i3,j3] E (1 1)T (0 1)T (0 O)T
U[il,jl,iz,jz,ig,j3] = U[i1—|—1,j1+2,i2—1,j2—1,i3,j3] E (1 1)T (1 1)T (0 O)T
ulis, j1,iz, j2,i3,ja] = ufit+1,ja—1,i2+1,j2,i3— 1, j3 E (19T | (0QT | (=207
ufis, j1,i2, j2,i3, j3] = ufia+1,j1+2,i2+1,j2—1,iz—1, ]3] E 1yT | (0T | (-107
X[i1, 1,2, j2,i3, ja] = ali1, ju,i2, j2,13, 3] - U[i1, j1,i2, 2,13, ]3] E (00T | (00T | (00T
Yli1, j1,i2, j2,13, j3] = 0+Xi1, j1,i2, j2,i3, ]3] E 00T | (00T | (00T
ylia, j1,02, j2,i3, j3] = Yli1, j1—Li2, j2,i3, j3] +X[. . ] E 0T | (0QT | (00T
Yli1, j1.i2, j2,i3, J3] = Y[i1, ji+2,i2, j2— L,i3, ja] +X[.. ] E ©yT | (T | (00T
Yout[i1, j1,i2, 2,13, ja] = Yli1, j1,i2, j2,i3, j3] E YT | (00" | (00T

Table 1: The table describes the set of new equations obtained on co-partitioning of the FIR filter.

5.3 Iteration dependent Conditionals

In this subsection we will transform the initial iteration conditionals in the tiled space. Furthermore
embedding leads to new equations which in turn is associated with unique iterative conditionals.
For n-Hierarchical partitioning each new equation has following new conditionals depending on
correspondingRy, . ..,R,-1) as following because the conditio@d; —d — Ry € 73, Qlo — (R —

Ro) € Iy, ...,Qlh+1+ Ry € Zn+1 needs to be guaranteed. Therefore,

A1(Q-l1—d—Rg) > by, A(Ql2+Ro—R1) > by, ..., Ani1(Qlni1+Ra-1) > bnyr. (7)

The above conditionals contain lot of inequalities which is ugly for hardware implementation. As
larger number of iterative conditionals means that control costs burden the computation for parti-
tioned examples. However on removal of redundant inequalities (e.g. inequalities already defined
by the iteration space) one obtains a simplified form for the iterative conditionals for practical
examples. Furthermore assuming initial iterative conditiorladsZ.) is a LBL as following.

then the transformed conditional is as following
AA T L4+AA T L+ +AA T 1 > bs+AA D

Example 5.3 The table 2 summarizes the iterative control conditional obtained for the given FIR

filter example. The conditionals correspond to the equations as given in table 1. These con-
ditionals need to be evaluated by the processor array to control the multiplexers (see Fig. 3).
Furthermore a counter is needed to provide the value of iteration variables. The methodology for
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Variables| Control Conditionals ‘ Q ‘ d ‘ Ro ‘ Ry ‘

a Empty (g (1)> 00T | 00T | (00T
u i1 >0Aj1>0 E 1T | 00T | (00T
u i1 =0Aj1>0Ai2>0 E a1yt | @19’ | (00T
u i1 >0Aj1=0Aj2>0 E @aypT| oyt | (oo7
u if i1=0A]j1=0Ai>0Aj2>0 E @aypT| @yt | (oo
u if i1=0Aj1>0Ai2=0Ai3>0 E (1 l)T (OO)T (-1 O)T
u if i1=0Aj1=0Ai2=0A]j2>0Aiz3>0 E @aypT oyt | (-107
X E 00T | (00T | (007
y if 1=0Aj2=0Aj3=0 E 007 | (00T | (007
y if j2>0 E onT | 00T | (007
y if j1=0Aj2>0 E opT | Oyt | (0oT7
Yout if 3=0Aj2=1Ajp=2 E onpT | oT| (00T

Table 2: The iterative control conditional for the co-partitioned FIR filter example.

efficient synthesis of control units has been proposed in [15]. The obtained control conditions are
optimal because of removal of redundant equations. Once the control conditionals are obtained
one obtains the output PLA as shown in example 4.1.

The set of equations in the example denotes the operations to be performed for a single iteration.
These operations and iterations need to be scheduled on the processor array. This is done using an
affine transformation realizing different partitioning schemes as discussed in the next section.

5.4 Scheduling

Linear transformations are usedgsce-time mappings order to assign a processpi(space)

and a sequencing indextime) to index vectors [12]. In LSGP, all index points within a tile are
executed sequentially by the same processor and the index points in different tiles are executed
in parallel by different processors. Therefore, the number of processors is equal to the number
of tiles. In LPGS, all index points within a tile are executed in parallel whereas the tiles are
executed sequentially. This observation is incorporated into the affine transformation defining the
space-time mapping for both LSGP and LPGS methods as following.

Definition 5.1 (Space-time mapping for LSGP and LPGS)

(0)= (o 2y () esen (2)=(5 2) () wres

where E is the identity matri¥}; € Z>™, A, € Z*™ and n. 4+ n, = n. p defines the processor
index and t defines the time step of execution.
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Similarly in co-partitioning, the index points within the LS tiles are executed sequentially. All the
LS tiles within a GS tile are executed in parallel by the processor array. Therefore, the number
of processors in the array is equal to the number of LS tiles within a GS tile. The GS tiles are
executed sequentially.

Definition 5.2 (Space-time mapping for co-partitioning). A space-time mapping in case of co-
partitioning is an affine transformation of the form

I
p 0O E O
RNty

I3
where Ee Z"™*™ js the identity matrixd, € Z*™, A, € Z1X"2 A5 € Z1XMs,

Similarly, other hierarchical partitioning schemes can be realized using appropriate selection of
affine transformation characterizing the scheduling and the allocation of the index points. The
problem of determining an optimal sequencing index (ixg,A,,...) taking into account con-
straints on timing of PAs and availability of resources is solved by a Mixed Integer Linear Pro-
gramming (MILP) formulation of the problem in [16].

Example 5.4 For FIR filter a feasible space-time mapping of the co-partitioned PLA is as shown

in Eg. 9. The execution of the iteration points corresponding to the given schedule as shown in
Fig. 3(a). The schedule defines the co-partitioning scheme, where iteration within the smaller tile
are executed sequentially on the same processor. Whereas the smaller tiles are executes in parallel
on different processors.

i1

001000 h

p 12
<t>: 000100 _ 9)

3143805

13

i3

The description obtained on applying the above affine transformation to the output PLA in example
4.1is as shown in Eg. 10. One can derive the description of the processor array architecture from
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the following PLA. The obtained processor array architecture is shown in Fig. 3(b).

a[py, p2,t] = { a0, 1,0, j2,0, j3]
[ Un(iy+2-ip+4-i3—(6-]3) if j1=0Aj2=0

Ug(4-i3—(j1+3-j2+6-j3) ifiiz=0Aj1>0Ai2=0
u[p1, p2,t — 4 if i7>0Aj1>0
ulpr—1,p2,t —2] ifip=0Aj1>0ApP1>0

ulp, p2,t] = u[p1, p2 — 1,t — 4] if i7>0Nj1=0Ap2>0
ulpr—1,p2—1t—2| if it=0Aj1=0Ap1>0Ap2>0
ulp1 +1, p2,t — 2] if i7=0Aj1>0ApL=0Ai3>0
ulpr+1,p2—1t—2 if ig=0Aj1=0Ap;=0A

p2>0Aiz>0

X[p1, P2, 1] a[p1, P2;t] - u[pa, P2, t] (10)
0+ X[p1, P2,t] if j1=0Ap2=0Aj3=0

ylp1, p2.t] = ylp1, P2,t — 1] +X[p1, p2,t] if j1>0
y[p1, P2 — Lt = 1] +X[p1, p2,t] if j1=0Ap2>0

Yout[P1, P2,t] = Y[p1,P2,t]if js=0Ap2=1Aj1=2

The resulting architecture is a x 2 processor array. The white boxes denote the registers. The
number of registers can be obtained by multiplying the schedule vector with the dependency vector.
E.g. a vector dependency of (L, 1 0 0 0 QT leads to connection with four registers. The
processing element RE 0) executes the iterations in the smaller tile(&0) within the bigger

tiles.

Therefore, on summarizing the above subsections one can partition and schedule a given PLA
with the following algorithm.

ALGORITHM: n-Hierarchical Partitioning
DO TILING(Z,n,Py,....R)
FORALL equationss
FORALL variablesx; with affine dependencies
determine Ry, ...,Ry—1)
FOR each distinctRp, ..., R,_1)
Compute conditional space.
Update the variables index, dependencies, and conditionals
ENDFOR
ENDFOR
ENDFOR
oD
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Figure 3: a) The iteration space of co-partitioned FIR filter example without the dependencies. The
number denotes the start time of the iterations as defined the affine schedule in example
5.4 b) The corresponding processor array architecture for the FIR filter.

6 Conclusions and Future Directions

In this paper, we presented a exact methodology for partitioning of piecewise linear algorithms
(i.e. perfectly nested loop programs) with consideration of both affine and uniform dependencies.
This enables not only mapping of algorithms onto massively parallel architectures but is also of
interest in studying the additional control introduced due to partitioning. The transformation has
been implemented iRAROdesign system [5]. The future works entails studying techniques for
efficient enumeration of the index space for reduced execution time of the program.
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