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Abstract We consider the problem of automatically
mapping computation-intensive loop nests onto FPGA
hardware. The regular cell array structure of these
chips reflects the parallelism in regular loop-like com-
putations. Furthermore, the flexibility of FPGAs al-
lows the cost-effective implementation of reconfigurable
high performance processor arrays. So far, there exists
no continuous design flow that allows automated gen-
eration of FPGA configuration data from a loop nest
specified in a high level language. Here, we present a
methodology for automatic generation of synthesizable
VHDL code specifying a processor array and optimized
for FPGA implementation.
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1 Introduction

In the past, most of the systematic work in the
area of systolic processor arrays was only at the
pure algorithmic level, by proposing transforma-
tions, e.g., for space-time mappings, with almost
no support for the synthesis of transformed loop
nests in silicon. Therefore, most of the design time
was spent in entering a processor design and sim-
ulating it, taking often many years to complete a
systolic processor array. For these reasons, the in-
terest in VLSI processor arrays decreased rapidly
during the last decade.

FPGA-based processor arrays. With the FPGA
technology in mind, targeting of loop nests to re-
configurable processor array hardware will be very
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beneficial for the following reasons:

• Modern embedded system applications re-
quire large computation performance, low
power dissipation and small area. Processor
arrays fulfill these constraints.

• Processor arrays directly reflect the regular
structure of the loop nest, while the FPGA di-
rectly reflects the regular structure of the pro-
cessor array.

• The reconfigurability facilitates to rapidly
change the application which is essential for
embedded systems with resource constraints.

Contribution. The compile time for mapping a
loop program to hardware still remains a criti-
cal factor even with pre-fabricated FPGA chips at
hand.

In [1], we could impressively demonstrate the
potential of FPGA-based regular array coproces-
sors. We used, however, a design that was only
slightly optimized for FPGA technology.
Here, we describe the backend of the design tool
PARO (PiecewiseAffine Algorithm and Architec-
tureResearch andOptimization), which is summa-
rized in Section 2. We propose solutions to the
currently missing automation of the hardware syn-
thesis process and show, how VHDL specifications
may be generated and which assumptions must be
made for an algorithm and given space-time map-
ping to be mappable to hardware.

Section 2 gives a very short summary of the the
PARO design system. In Section 3, we describe
the class of loop algorithms which we synthesize
working FPGA-implementations from. The code
generation itself is described in Section 4 (array
structure) and Section 5 (processor elements).



2 The PARO design system

The intention of PARO is to automatically map
nested loop programs onto reconfigurable hard-
ware.

Therefore, a loop nest must be parallelized first.
Here, we use Feautrier’s technique [2] for convert-
ing imperative loop programs to single assignment
code (this front-end is similar to the approach in
[3]). The parallelized algorithm is now subject
to several equivalence-preserving transformations
such aslocalization of data dependences, affine in-
dex transformations, partitioning [11, 12, 13], and
automaticcontrol generation[10].

For the generation of synthesizable HDL code
(performed by the PARO back-end), we assume
that the algorithm is already partitioned and local-
ized.

3 Requirements for Hardware
Mapping

In this section, we define apiecewise regular algo-
rithm and develop necessary conditions for these
algorithms in order to be hardware-mappable.

3.1 Locality

We assume that affine data dependences have been
localized resulting in apiecewise regular algo-
rithm that is defined as follows:

Definition 3.1 A piecewise regular algo-
rithm A contains N quantified equations
S1 [I ] , . . . ,Si [I ] , . . . ,SN [I ]. Each equation Si [I ] is
of the form

xi [I ] = fi (. . . ,x j [I −d ji ] , . . .)

where I∈ Ii ⊆ Zn, xi [I ] are indexed variables, fi

are arbitrary functions, dji ∈ Zn are constant data
dependence vectors, and. . . denote similar argu-
ments.

The domainsIi are called index spaces, and in
our case defined as follows:

Definition 3.2 (Linearly Bounded Lattice). A lin-
early bounded lattice denotes an index space of the
form

I = {I ∈ Zn | I = Mκ +c ∧ Aκ≥ b}

whereκ ∈ Zl , M ∈ Zn×l , c ∈ Zn, A ∈ Zm×l and
b ∈ Zm. {κ ∈ Zl | Aκ ≥ b} defines an integral
convex polyhedron or a polytope inZl . This set
is affinely mapped onto iteration vectors I using an
affine transformation (I= Mκ +c).

Throughout this paper, we assume that the ma-
trix M is square and invertible. Then, each vec-
tor κ is uniquely mapped to an index pointI .
In this case, we can rewrite the index space as
I = {I ∈ Zn | A′I ≥ b′} where A′ = AM−1 and
b′ = AM−1c+ b. Furthermore, we require that the
index space is bounded.

Example 3.1 Consider a piecewise regular algo-
rithm which consists of three quantified indexed
equations S1[I ] · · ·S3[I ]:

y[i, j,k] = (y[i, j−1,k−1] ·u[i, j,k−2])
+(a[i−1, j−1,k−1] ·u[i, j−1,k])

a[i, j,k] = y[i, j−1,k]−a[i−1, j,k]
u[i, j,k] = u[i, j−1,k−1]

−(y[i−1, j−1,k] ·y[i−1, j,k−4])
∀(i j k)T = I ∈ I

The index spaceI is common to all 3 quantified
equations (I = I1 = I2 = I3) and given by

I =
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Computations of piecewise regular algorithms may
be represented by adependence graph(DG)
(Fig. 1) which expresses the partial order between
the operations.
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Figure 1: Segment of the DG of the algorithm in
Example 3.1. Here, only dependences for variable
a are depicted.

Each variable of the algorithm is represented at
every index pointI ∈ I by one DG node, while the



edges correspond to the data dependences. The DG
implicitly specifies all legal execution orderings of
operations: on a directed path in the dependence
graph from one nodea[J] to a nodec[K], the com-
putation ofa[J] must precede the computation of
c[K].

3.2 Homogeneous index space

Without loss of generality we assume that all in-
dexed variables are embedded in a common index
spaceI (I1 = I2 = · · · = IN).

3.3 Causality and Uniqueness

Linear transformations as in Eq. (1), are used as
space-time mappings[5, 7] in order to assign apro-
cessor index p∈Zn−1 (space) and asequencing in-
dex t∈ Z (time) to index vectorsI ∈ I .(

p
t

)
=
(

Q
λ

)
I = TI (1)

In Eq. (1),Q∈ Z(n−1)×n andλ ∈ Z1×n. The main
reasons for using linear allocation and scheduling
functions is that the data flow between PEs is lo-
cal and regular which is essential for hardware im-
plementations. The interpretation of such a linear
transformation is as follows: The set of operations
defined at index pointsλ · I = const. are scheduled
at the same time step. The index space of allocated
processing elements (processor space) is denoted
by the setQ = {p | p = Q · I ∧ I ∈ I}. This
set can also be obtained by choosing a projection
of the dependence graph along a vectoru ∈ Zn,
i.e. any coprime1 vector u satisfying Q · u = 0
describes the allocation equivalently [5]. Alloca-
tion and scheduling must satisfy that no data de-
pendences in the DG are violated. This is ensured
by thecausality constraintλ · d ji ≥ 0 for all data
dependencesd ji . A sufficient condition for guar-
anteeing that no two or more index points are as-
signed to a processing element at the same time
step is given by rank(T) = n. Using the projection
vectorusatisfyingQ·u= 0, this condition is equiv-
alent toλ ·u 6= 0.

1A vector x is said to becoprimeif the absolute value of
the greatest common divisor of its elements is one.

3.4 Iterative Schedules

Operations of subsequent index points mapped to
the same PE are typically scheduled eachiteration
interval2 P, P = |λ · u| ≥ 1 instead of each clock
cycle. Thereby, operations of subsequent index
points may overlap execution, see Fig. 2, for in-
stance. This is calledfunctional pipelining.
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Figure 2: Cyclic schedule of EquationS1[I ] of Ex-
ample 3.1. Iteration periodP1 (a) is without andP2

(b) with functional pipelining.

For finding a latency-minimal schedule for a
given projection vectoru under the constraint of
limited resources, we solve a mixed integer linear
program (MILP) as introduced in [14, 12]. The re-
sults of this MILP are used for the synthesis of the
local PE controller (see Section 5.4).

3.5 Space-Time Independence

Scheduling and projection of algorithmA results
in an algorithmA∗ defined over an index space
I ∗ = {I∗ ∈ Zn | A∗I∗ ≥ b∗} with I∗ = (p t)T, A∗ =
A′ ·T−1, andb∗ = b′.

In a synchronous processor array, all PEs start
at time step zero and execute until the last compu-
tation of the array is finished. Thus, the projected
index spaceI ∗ must be aprism meaning that the
processor indexp must not depend on the time in-
dex and vice versa.

Hence, A∗ must be decomposable into sub-
matricesAp andAt , andb∗ must be decomposable

2The iteration intervalP is the number of time steps be-
tween the evaluation of two successive instances of a variable
within one processing element [14].



into sub-vectorsbp andbt such that

I ∗=
{(
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t
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∈ Zn :
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(2)

Example 3.2 In Example 3.1, processor space
and time are independent. We have At = (−1 1)T,
bt = (0 8)T, and

Ap =
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The prism form of the index space can always

be achieved by a transformation (extension of index
spaces) described in [9].

4 Array Synthesis

In this section we present our approach for gener-
ating VHDL code for the array structure, which is
completely structural and contains only PE compo-
nent instances and wiring of these instances.

4.1 PE Instantiation

The processor spaceQ as defined in Section 3.3
can be a convex polytope of any shape. The pro-
cessor spaceQ of the algorithm introduced in Ex-
ample 3.1 is shown in Fig. 3.
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Figure 3: Processor spaceQ and its rectangular
hull H

For instantiating and connecting the PE compo-
nents, we use aGENERATEloop construct. This
allows interconnecting PE instances via signal ar-
rays as described later in this section. In the code
example in Fig. 4 the nested loops L1 and L2 span

L1: FOR p1 IN H1_min TO H1_max GENERATE
L2: FOR p2 IN H2_min TO H2_max GENERATE

I: IF (inside_I(p1, p2) = 1) GENERATE

PE_Map: PE_component
PORT MAP (...);

END GENERATE I;
END GENERATE L2;

END GENERATE L1;

Figure 4: GENERATE loop construct for PE com-
ponent instantiation

a rectangular hullH around the processor space
Q , as depicted in Fig. 3.H is defined as follows:

H = {(p1, p2) ∈ Z2 : l1≤ p1≤ u1, l2≤ p2≤ u2}
(3)

where the lower boundsl i , i = 1, · · · ,n− 1 are
given by l i = min{pi |p = (p1 · · · pi · · · pn−1)T ∈
Q } and the upper boundsui are defined using the
max function accordingly. In generalH 6= Q , so
the rectangular hull contains index points where
no PE must be generated. To avoid PE instan-
tiation here, we define an index check function
inside I that is evaluated in each iteration of
the inner loop and returns 1 iff the index point
represented by the current loop indices is a valid
index point ofQ . Otherwise, 0 is returned.

Example 4.1 Example 3.1 continued. The cor-
responding functioninside I of the processor
spaceQ is shown in Fig. 5.

FUNCTION inside_I(p1, p2: INTEGER)
RETURN INTEGER IS

VARIABLE valid: INTEGER;
BEGIN

IF ((p1 >= 1) AND (p1 <= 6) AND
(p2 => 2) AND (p1+p2 <= 12) AND
(p1-p2 <= 2) AND (p1+p2 => 4) )

THEN valid:=1; ELSE valid:=0;
END IF;
RETURN (valid);

END;

Figure 5: Index check function of processor space
in Example 3.1.

4.2 Interconnect: Signal Arrays

Using the space time mappingT of Eq. 1, any de-
pendence vectord of a quantified equation is trans-



formed into a vectord∗ as follows:

d∗ = (d∗p d∗t )T = T ·d (5)

whered∗p ∈ Zn−1, anddt ∈ N0. d∗p denotes thepro-
cessor displacementanddt thetime displacement.

The interconnect topology is thus given by the
processor displacement vectorsd∗p. In our method-
ology, ann−1 dimensional VHDL signal array is
defined for each vectord∗p andGENERATEloops
are used to build the inter-PE interconnect struc-
ture. Each array element is a signal vector that
connects two PEs.

Example 4.2 Example 3.1 continued. Consider
the transformed equation S2[I∗]:

a[p1, p2, t] = y[p1, p2−1, t]+a[p1−2, p2, t] (6)

Variables a and y are 16 bit numbers here. We
declare two-dimensional signal arrays for a and y
(Fig. 6) defined in the range ofH . This array con-
tains signals that are never used. Those, however,
will be optimized away by logic synthesis tools.
The PEs are interconnected by accessing the sig-

TYPE T0 IS STD_LOGIC_VECTOR (0 TO 15);
TYPE T1 IS ARRAY

(NATURAL RANGE 1 TO 6) OF T0;
TYPE T2 IS ARRAY

(NATURAL RANGE 2 TO 11) OF T1;
SUBTYPE array_T IS T2;

SIGNAL a, y: array_T;
...

PE_Map: PE_component
PORT MAP ( y_in => y(p1)(p2-1),

a_in => a(p1-2)(p2),
a_out => a(p1)(p2),

...
);

Figure 6: Signal array declaration and signal asso-
ciation to a PE instance.

nal array via the loop indicesp1 andp2 , refer to
Fig. 6.

4.3 Arrays Borders

At the array borders, the array signals are con-
nected to the array ports in a similar way as to the
PE instances. We declare no explicit border pro-
cessors. It is the task of the environment to ensure

that all data is available at the right time step and
processor index.

5 Synthesis of Processor Elements

The processor elements may be synthesized sepa-
rately from the array structure.

5.1 Operator Splitting Transformation

In order to map computations in quantified equa-
tions to hardware resources, it is necessary to split
computations at the right hand side of equations
into simple expressions that may be handled by
available resources. This step,operator splitting,
must be performed prior to space-time mapping
(scheduling).

Example 5.1 We transform each of the equations
Si [I ] of Example 3.1 into a set of mi new equa-
tions Si,0[I ] · · ·Si,mi−1[I ] such that each new equa-
tion consist of only one operation on its right side:

S0,0[I ] : y[i, j,k] = y1[i, j,k]+y2[i, j,k]
S0,1[I ] : y1[i, j,k] = y[i, j−1,k−2] ·u[i, j,k−2]
S0,2[I ] : y2[i, j,k] = a[i−1, j−1,k−1] ·u[i, j−2,k]
S1,0[I ] : a[i, j,k] = y[i, j−1,k]−a[i−1, j,k]
S2,0[I ] : u[i, j,k] = u[i, j−1,k−1]−u1[i, j,k]
S2,1[I ] : u1[i, j,k] = y[i−1, j−1,k] ·y[i−1, j,k−4]

y1, y2, and u1 are three new indexed variables.

Let S denote the set of all equationsSi, j [I ] de-
fined at index pointI . Each right hand side expres-
sion now represents a unit that may be scheduled
and bound to a hardware resource. In the follow-
ing, we use the termsvariable andoperatorsyn-
onymously.

5.2 Resource Allocation and Binding

Let R = {R0,R1, · · · ,Rw−1} denote the set ofw
available computational resources for the PE im-
plementation. We define the following mappings:

• A pipeline rate functionPR: R → N
• A mappingB : S →R which assigns each left

hand side variable (and thus each operation)
to at least one resourceR on which it may be
executed



• A function L : S ×R → N that assigns a la-
tency to each valid operation/resource pair
specified byB.

It is import thatB maps each operation toall re-
sources that can compute this operation, otherwise
the MILP may not find an optimal solution for the
binding.

Now, we generate an MILP for scheduling and
minimizing the overall latency (Section 3.4). As a
result, we obtain a schedule vectorλ, an iteration
interval P, and a functionγ : S → N that assigns
a start time withinP to each operation. Further-
more, we get a functionB′ : S → R which maps
each operation toexactlyone resourceR. From
this binding, the latency functionL′(s) is fixed.

Definition 5.1 Let v1 and v2 be indexed variables
and Si, j [I ] an indexed equation of the form v1[I ] =
f (· · ·v2[I − d∗] · · ·). We define the statement time
displacement̃dv1,v2 as

d̃v1,v2 = d∗t + γ(v1)− γ(v2)−L′(v2) (7)

with d∗t as defined in Eq. 5.

Consequently,d̃v1,v2 denotes the number of time
steps that variablev2 must be stored after its com-
putation before it is used for the computation ofv1.

Example 5.2 Consider Equation S2,1[I ] of Exam-
ple 5.1: u1[I ] = f (y[I − d∗]) with d∗t = 4. Let
γ(u1) = 2, γ(y) = 1, and L′(y) = 2 here. So we
obtaind̃u1,y = 3.
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Figure 7: Statement time displacementd̃u1,y for
variablesu1 andy

5.3 PE Architecture Model

The architecture model of a PE consist of a set of
resource units(RU), a localPE controller(PEC),

and delay memories. Each RU computes one or
more equationsSi, j [I ]. As shown in Fig. 8, an RU
consists of the following components:

• a computational resource that implements the
operator functionality,

• input multiplexers that select input data

• output buffers for storing the results until used
by other resource units.
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Figure 8: General form of a resource unit.

The output buffer registers are the most area con-
suming components, so we try to reduce the num-
ber of required buffer registers: Results that are not
stored for the same time interval can be mapped to
the same output buffer, and output buffers can be
shared between different RUs, which leads to a RU
model slightly different from that shown in Fig. 8.

5.4 Controller Synthesis

We generate a local controller (PEC) for each
PE instance which mainly consists of a modulo-P
counter and a decoder.

Modulo-P Counter. The PE internal cyclic
schedule is controlled by a modulo-P-counter
whereP is the length of the iteration interval as
defined in Section 3.4. The counter state is repre-
sented by adlog2Pe-bit register.

Control Signal Decoder. The decoder generates
the control signal vector from the counter state.
The control vector consists of

• select signals for the RU input multiplexers,

• enable signals for the RU output buffers,

• control signals for the computation resources,
and

• enable signals for the delay memories (see
Section 5.5).



The decoder is a logic network whose function is
derived from functionγ (Section 5.2). The enable
signals for the output buffers are generated when-
ever a new result must be stored, while control sig-
nals for the input multiplexers are generated so that
the required data source is selected at the start point
γ(Si, j [I ]) of an operation. During the latency inter-
val of an operation, the computation resource con-
trol signals are set to the required function (this
is only necessary for multi-functional resources).
The enable signals for the delay memories are gen-
erated when the PE has completed the computation
of an indexed variable that is required by another
PE at a later time step.

5.5 A New Concept For Efficient FIFO
Buffers

The task of the delay memories is to store an in-
dexed variable computed by a PE until it is used
by another PE. In general, shift registers or FIFOs
are used here. According to Def. 5.1, the length
of the shift register is exactlỹdv1,v2. The register is
clocked in each clock cycle, resulting in a poor uti-
lization of the register memory since the indexed
variablev2 is computed only once per iteration in-
tervalP.

Optimization Of Delay Memories. The number
g of data words in the shift register is

g =
⌈

d̃v1,v2

P

⌉
, (8)

so we use shift registers of lengthg and with a
write enable-input, which is activated each time
the computation of the indexed variable is com-
pleted (that is, once per iteration period). The
write enable-input is controlled by the local PEC.

6 Conclusion

We have presented a new methodology for auto-
matically mapping nested loop programs to recon-
figurable hardware using our design tool PARO.
We have pointed out the requirements that an algo-
rithm must comply with to be suitable for hardware
mapping. Then, we have focused on the generation
of HDL code for the resulting processor array and
presented a way for synthesizing the processor el-
ements as well as the overall array structure.
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