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Abstract
This paper deals with the mapping of loop programs
onto processor arrays either implemented in an FPGA
or available as (reconfigurable) coarse-grained proces-
sor architectures. Usually the proportion of process-
ing elements to I/O-interfaces is much higher whereby
problems of data transportation and synchronization
are arising. In this realm, we propose a systematic ap-
proach in order to feed-out data. Here, (a) an efficient
routing strategy is presented and (b) a novel retiming
strategy is given in order to ensure collision free output
serialization.
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1 Introduction
Today massively parallel architectures called processor
arrays are of great interest, since progressive integration
densities and modern nanotechnology allow implemen-
tations of hundreds of 32-bit microprocessors and more
in one SoC. Moreover, with the advent of reconfigurable
architectures, processor arrays have become as flexible
as the design of software. Such arrays can solve effi-
ciently a large number of problems in digital signal, im-
age, and video processing, or numerical linear algebra.

Due to technology constraints usually there is an im-
balance of the massive internal parallelism compared to
the number of available I/O-ports. Therefore, several
processors may have to share the same output-port.

In this context, our new contributions are,

1. An efficient routing and serialization strategy is
presented.

2. A novel retiming methodology is given to allow for
time division multiplexing of output data.

The rest of the paper is organized as follows. In Sec-
tion 2, we give an overview of related work and briefly

describe our mapping methodology. In Section 3, we
accurately formulate the problem we are dealing with
in this paper, which is afterwards systematically solved
in Section 4. Finally, we give some concluding remarks
in Section 5.

2 Related Work and Background
In this section we give a brief overview of our exist-
ing mapping methodology PARO [13] when generat-
ing synthesizable descriptions of massively parallel pro-
cessor arrays [2] and targeting coarse-grained reconfig-
urable processor arrays [9], respectively, from a class
of nested loop algorithms. The main steps during the
design trajectory are briefly described in the following.

Starting point is a given nested loop program in
single assignment code(SAC), where the whole par-
allelism is explicitly expressed. SAC is closely re-
lated to a set of recurrence equations, a formalism in-
troduced by Karp, Miller, and Winograd [11]. This
formalism has been used in many languages and ad-
vanced over the years about affine dependencies or
piecewise definitions. E.g.,Systems of Affine Recur-
rence Equations(SARE) which are used in the Alpha
language [18], the class ofAffine Indexed Algorithms
(AIA) [5], the class ofPiecewise Linear Algorithms
(PLA) [16], and recently, an algorithm class with run-
time dependent conditionals,Dynamic Piecewise Lin-
ear Algorithms(DPLA) [10]. Mapping methodologies
based on these formalisms can be classified to the area
of loop parallelization in the polytope model [7]. Here,
key components are linear transformations and sched-
ules in order to derive preferably homogeneous proces-
sor arrays with local and regular communication struc-
tures and a high degree of pipelining and parallelism.

Also, linear transformations are used asspace-time
mappingsin order to assign a processorp (space) and
a sequencing indext (time) to instances (index space)
of the given loop nest. Here, partitioning techniques
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Figure 1: Structure of the PACT XPP64-A [1] reconfig-
urable 8×8 processor array. On two sides of the array
each eight RAM blocks and in the four corners of the
array independent I/O interfaces can be used as com-
munication facilities.

are of utmost importance in order to cover the index
space of computation using congruent hyperplanes, hy-
perquaders, or parallelepipeds calledtiles. For proces-
sor arrays, it is carried out in order to match a loop
nest implementation to resource constraints in terms of
available number of processing elements (PEs), local
memory, and communication bandwidth. Well known
partitioning techniques are multiprojection, LSGP (lo-
cal sequential global parallel, often also referred as clus-
tering or blocking), LPGS (local parallel global sequen-
tial, also referred as tiling), and hierarchical combina-
tion of them such as co-partitioning in [5].

Definition 2.1 (Block Pipelining Period). Theblock
pipelining periodof an allocated and scheduled algo-
rithm is the time interval between the initiations of two
successive problem instances and is denoted byβ .

With this background we can formulate our problem.

3 Problem Definition
In order to achieve high performance in combination
with low monetary and energy cost, processor array ar-
chitectures are preferable homogeneous and instead of
having global memory access for every processor lo-
cal communication structures to neighboring processor
elements are used. Usually two-dimensional processor
arrays existent in an FPGA or as a coarse-grained re-
configurable processor array such as the D-Fabrix [6],
the DRP from NEC [12], the PACT XPP [1], Bresca
from Silicon Hive (Philips) [15], or QuickSilver Tech-
nology’s Adaptive Computing Machine (ACM) [14],
have less communication ports to their periphery than

processing elements. An example of such an architec-
ture is depicted in Fig. 1. In practice often two problems
arise:

1. It can happen that also computation results from
inner processor elements are needed externally.

2. The number of global output-ports is less than the
amount of output data over all processors.

Therefore, we have to deal with the following ques-
tions: How can output data from inner processor ele-
ments be efficiently transported to output-ports? How
and where should the output data of several processor
elements sharing one output-port be merged/serialized?

4 Output Serialization
Let the 2-dimensional rectangular processor array be
described by the following boundedZ-polyhedron,

A=
{(

x
y

)
∈ Z2 | 1≤ x≤W ∧ 1≤ y≤ H

}
whereH ∈ Z is the processor array’s number of rows
andW ∈ Z is the processor array’s number of columns,
respectively. Furthermore, we assume that all I/O-ports
are located at the edges of polytopeA and that the inter-
connection topology of the array is a grid. Finally, after
an appropriate space-time mapping has been performed
consider an arbitrary convex areaP of processor ele-
ments,

P =
{(

x
y

)
∈ Z2 | A·

(
x
y

)
≥ b

}
A∈ Zm×2, b∈ Zm

where each PEp[x,y] ∈ P emits one global output sig-
nalo[x,y] and all these signals have to share one output-
port O[X,Y], where(X, Y)T ∈ Z2 denotes an edge ele-
ment of the array. Also given from the space-time map-
ping is an output-sequence of data. This output pattern
is repeated with the duration of the block pipelining pe-
riod β (s. Definition 2.1).

Definition 4.1 (Output Profile) Let a block pipelining
period β be given. Then, for a processor’s output
o[x,y] theoutput profileis a mapping from time t7→ f ∈
{0, 1}, for all t ∈ [0, β −1]⊂ Z. The profile is written
as a vector,∆o[x,y] = ( f0, f1, . . . , fβ−1).

Such we can assign to each outputo[x,y] a vector∆ [x,y]
of lengthβ with boolean elements denoting if∆o[x,y, t],
i.e., a processor’s output at position(x, y)T emits at rel-
ative time stept a value or not. Due to the usage of
linear scheduling functions, often the considered output
regions are homogeneous, i.e., they have all the same
output profile rotated only by an offset [3].



t
β

p1

p2

p3

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

t
β

p1

p2

p3

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

17 18 19 20

17 18 19 20

β

pi lf

lt

l

t

(a)

(b)

(c)

Figure 2: In (a) and (b) different output profiles for three processorsp1, p2, and p3 is shown. In (c), labeling of
characteristics in periodic output profiles.

Example 4.1 Consider three processors p1, p2, p3,
and a block pipelining period ofβ = 8. Furthermore
the output profiles looks as follows,

p1 : ∆1 = (1, 1, 0, 0, 0, 0, 0, 0)
p2 : ∆2 = (0, 1, 1, 0, 0, 0, 0, 0)
p3 : ∆3 = (0, 0, 1, 1, 0, 0, 0, 0)

We write for instance∆p2(t = 0) = 0 and ∆p2(1) = 1.
A visualization of these output profiles is shown in
Fig. 2 (a). Another profile is shown in Fig. 2 (b), where
can be seen that output data from different instances my
overlap.

In the next section we introduce a necessary condition
to determine whethern= |P| outputs with given output
profiles can share one global output-port, i.e., if a band-
width bound is satisfied or not. Afterwards, the routing
and timing correct merging of output signals is investi-
gated.

4.1 Bandwidth Bounds
In general the output data ofn = |P| outputso[x,y, t]
can be serialized if the following condition holds,

∑
∀p[x,y]∈P

β−1

∑
t=0

∆o[x,y, t] ≤ β (1)

Or in case of homogeneity, Eq. (1) can be simplified to,

n
β−1

∑
t=0

∆o[x,y, t] ≤ β , ∃ p[x,y] ∈ P (2)

This condition can be seen as a bandwidth constraint,
since the number of output data of one areaP can not be
greater than the block pipelining period. For instance in
Example 4.1 the output behavior is homogeneous such
we can write 3· 2 = 6 ≤ β = 8, thus the bandwidth
constraint is satisfied. Then : 1 communication can be
formally described by adding an equation of following
type to the considered algorithm,

O[X,Y, t] = merge
∀p[x,y]∈P

o[x,y, t] (3)

Then all output variableso of processorsp ∈ P shall
be merged (timely multiplexed) at global output-portO
in a way that they are timely conflict-free. Thus, the
merging in Eq. (3) can be seen as OR relation,

O[X,Y, t] = OR
∀p[x,y]∈P

o[x,y, t] (4)

4.2 Routing and Merging of Output Data
In the following we present a methodology to determine
a resource-optimal routing of PEs’ outputso[x,y] to one
output-portO[X,Y]. Since, we have to deal with an : 1
communication relation, bottlenecks due to high com-
munication near the output-ports are foreseen. There-
fore, our main concept is to serialize already locally two
signals, propagate the result to the next PE, serialize the
signal with its output and so on. For the case of 1 :n
communication, such linear serialization concepts also
often called localization are well studied [17] whereas
only few work for then : 1 communication case exists,
e.g., [4], [8], or our work in [9] which is limited to one-
dimensional domainsP.
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Figure 3: Sketch of a 20×20 processor array. The decomposition ofP into several spaces for the firstly horizontal
propagation is shown in (a). In (b), the decomposition result of the second propagation in vertical direction is depicted.

Our procedure proposed in this paper can be formal-
ized as follows, due to the assumed grid structure of
the array four possible propagation directions are pos-
sible, viz, horizontally±dh = (1, 0)T and vertically
±dv = (0, 1)T. This assumption is no restriction, since
our following method can also be extended by diago-
nal communication links (e.g., in direction(1, 1)T) or
for tree-dimensional technologies, but this would be be-
yond the scope of this paper and not helpful for the sake
of clarity. LetR(P) be the rectangular hull ofP,

R(P) =
{(

x
y

)
∈ Z2 | Xmin≤ x≤ Xmax

Ymin≤ y≤Ymax

}

The considered processor areaP is divided by the loca-
tion (X, Y)T of the output-port into a positive spaceP+

and a negative spaceP−. H+ denotes the points on the
cut inP+ (i.e., one horizontal or vertical line of proces-
sor elements) andH− denotes the neighboring points

on the cut inP−.

P+ =
{(

x

y

)
∈ Z2 | AP+ ·

(
x

y

)
≥ bP+

}

=

 P ∩
{(

x
y

)
∈ Z2 | x≥ X

}
if (Y = 1 ∨ Y = H)

P ∩
{(

x
y

)
∈ Z2 | y≥Y

}
else

P− =
{(

x

y

)
∈ Z2 | AP− ·

(
x

y

)
≥ bP−

}

=

 P ∩
{(

x
y

)
∈ Z2 | x < X

}
if (Y = 1 ∨ Y = H)

P ∩
{(

x
y

)
∈ Z2 | y < Y

}
else

H+ =

 P ∩
{(

x
y

)
∈ Z2 | x = X

}
if (Y = 1 ∨ Y = H)

P ∩
{(

x
y

)
∈ Z2 | y = Y

}
else

H− =

 P ∩
{(

x
y

)
∈ Z2 | x = X−1

}
if (Y = 1 ∨ Y = H)

P ∩
{(

x
y

)
∈ Z2 | y = Y−1

}
else

The rectangular hull ofP+ andP− is given byR(P+)
andR(P−), respectively,

R(P+) =
{(

x

y

)
∈ Z2 | X+

min≤ x≤ X+
max

Y+
min≤ y≤Y+

max

}
R(P−) =

{(
x

y

)
∈ Z2 | X−min≤ x≤ X−max

Y−min≤ y≤Y−max

}



Then, the serialized output routing can be described as
follows,

1. Propagation in first direction:
(d1 ∈ {(1, 0)T, (0, 1)T})

o1[I ] =



o[I ] ∀ I ∈ P+ \P+
1

OR(o[I ], o1[I +d1]) ∀ I ∈ P+
1

o1[I +d1] ∀ I ∈ P+u∆

1 ∪P+l∆
1

o[I ] ∀ I ∈ P− \P−1
OR(o[I ], o1[I −d1]) ∀ I ∈ P−1
o1[I −d1] ∀ I ∈ P−u∆

1 ∪P−l∆
1

P+
1 = P+∩

{
I ∈ Z2 | AP+ · (I +d1)≥ bP+

}
P−1 = P−∩

{
I ∈ Z2 | AP− · (I −d1)≥ bP−

}
P+u∆

1 =
(
R(P+)\P+)

∩
{

dT
2 · I > h+

max

}
P+l∆

1 =
(
R(P+)\P+)

∩
{

dT
2 · I < h+

min

}
P−u∆

1 =
(
R(P−)\P−

)
∩

{
dT

2 · I > h−max

}
P−l∆

1 =
(
R(P−)\P−

)
∩

{
dT

2 · I < h−min

}
h+

max = max
{

dT
2 · I | I ∈H+

}
h+

min = min
{

dT
2 · I | I ∈H+

}
h−max = max

{
dT

2 · I | I ∈H−
}

h−min = min
{

dT
2 · I | I ∈H−

}
h±max = min

{
h+

max,h
−
max

}
h±min = max

{
h+

min,h
−
min

}
2. Propagation in second direction:
(d2 ∈ {(1, 0)T, (0, 1)T}\{d1})

Similar to the propagation in the first direction a
propagation in the second orthogonal direction is per-
formed. This can be done by the insertion of instances
of a second variableo2. Due to the sake of brevity we
omit this procedure.

3. The data of the two spacesP+ andP− are merged
at exact one fixed positiono3[x,y].

4. Finally a path fromo3[x,y] to O[X,Y] is determined.

4.2.1 Example
Let us consider a 20× 20 processor arrayA and the
following processor elements’ areaP,

P =


(

x

y

)
∈ Z2 |

 2 −3
1 0

−1 0
1 2

 ·
(

x

y

)
≥

 −30
3

−11
15




Let the output signalo[x,y] of each processor element in
P be a global output signal which has to use the com-
mon I/O-portO[X = 8,Y = H = 20]. In Fig. 3 the array
A is depicted, the polytopeP is marked by black points,
and the outputO[8,20] is denoted as a small triangle.
First of all, by the location of the I/O-port,P is divided
intoP+ andP− by adding inequalityx≥ 8 andx< 8 to
P, respectively1. After removing redundant constraints,

1Sincex∈ Z, x < 8 can be rewritten to−x+7≥ 0.

P+, P−, andH are given by,

P+ =


(

x

y

)
∈ Z2 |

 2 −3
1 0

−1 0
1 2

 ·
(

x

y

)
≥

 −30
8

−11
15




P− =


(

x

y

)
∈ Z2 |

 2 −3
1 0

−1 0
1 2

 ·
(

x

y

)
≥

 −30
3

−7
15




H+ =
{(

x

y

)
∈ Z2 | x = 8 ∧ 4≤ y≤ 15

}
H− =

{(
x

y

)
∈ Z2 | x = 7 ∧ 4≤ y≤ 14

}
The rectangular hullsR(P+) andR(P−) are given by,

R(P+) =
{(

x

y

)
∈ Z2 | 8≤ x≤ 11 ∧ 2≤ y≤ 17

}
R(P−) =

{(
x

y

)
∈ Z2 | 3≤ x≤ 7 ∧ 4≤ y≤ 14

}
As first propagation directiond1 = (1, 0)T is chosen and
as a result the second direction isd2 = (0, 1)T. From
this the lower routing equations follow,

o1[I ] =



o[I ] ∀ I ∈ P+ \P+
1

OR
(

o[I ], o1[I +
(

1
0

)
]
)

∀ I ∈ P+
1

o1[I +
(

1
0

)
] ∀ I ∈ P+u∆

1 ∪P+l∆
1

o[I ] ∀ I ∈ P− \P−1
OR

(
o[I ], o1[I −

(
1
0

)
]
)

∀ I ∈ P−1
o1[I −

(
1
0

)
] ∀ I ∈ P−u∆

1 ∪P−l∆
1

o2[I ] =

{
...

o3[I ] = OR

(
o2[I ], o2[I −

(
1

0

)
]
)(

x

y

)
=

(
8

17

)
Defined on the following domains:

P+
1 =


(

x

y

)
∈ Z2 |

 2 −3
1 0

−1 0
1 2

 ·
(

x

y

)
≥

 −30
8

−10
15




P−1 =


(

x

y

)
∈ Z2 |

 2 −3
1 0

−1 0
1 2

 ·
(

x

y

)
≥

 −28
4

−7
16




P+u∆

1 =


(

x

y

)
∈ Z2 |

 −2 3
1 0
0 −1

 ·
(

x

y

)
≥

 30
8

−17


P+l∆

1 =


(

x

y

)
∈ Z2 |

 1 0
0 1

−1 −2

 ·
(

x

y

)
≥

 8
2

−14


P−u∆

1 = P−l∆
1 = ∅

The complete serialized routing is visualized in Fig. 4.

4.2.2 Optimization Remarks

Depending on the hardware architecture and the num-
ber of already occupied merging and interconnection
resources it has to be investigated if either first the hori-
zontal or the vertical propagation yields in better results
or vice versa.
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Figure 4: Serializedn : 1 output routing.

4.3 Retiming of Output Data
After finding a localized routing as described in Section
4.2 it remains to ensure that at no time and no position
two values collide. In this matter the bandwidth con-
straint in Eq. (3) is only a sufficient condition but does
not avoid data collision. To model the timing behavior,
outputso[x,y] are annotated by the timet, i.e.,o[x,y, t].
Critical for collisions is the merging in the OR opera-
tions. Without loss of generality we consider in the fol-
lowing only one regular serialization path denoted by
p[I1]→ p[I2]→ . . .→ p[Ik]→ . . .→ p[IN].

Theorem 4.1 (Collision Free) An equation o3[Ik, t] =
OR(o2[Ik, t],o1[Ik−1,(t−δ )÷β ]) is collision freeif the
maximum over all elements in∆s[Ik, t] is less or equal
than one,

max
di∈∆s[Ik,t]

{di} ≤ 1 (5)

Where∆s[Ik, t] is the recursively summation of output
profiles,

∆s[Ii , t] =
{

∆ [Ii , t] if i = 1
∆ [Ii , t]+∆s[Ii−1,(t−δ )÷β ] else

δ denotes the number of time steps for propagating a
value from one processor two its neighbor.

OutputRetiming

IN: number of outputsN, output profile∆ ,
block pipelining periodβ , scheduling offsetδ

OUT: array f [1..N]

1 BEGIN
2 (l , lt , l f ) ← computeL(∆)

3 I ← b l f
lt
c+1

4 i ← 1
5 p← 0
6 WHILE (i ≤ N) DO
7 FOR j = 0, . . . , I −1 DO
8 IF (i ≤ N) THEN
9 f [i] ← ( j · (lt +δ )+ p)÷β

10 f [i] ← f [i] − δ · (i−1)
11 ENDIF
12 i ← i +1
13 ENDFOR
14 p← p+ l + I · (δ + lt)− lt
15 ENDWHILE
16 END

Figure 5: Retiming Algorithm (’÷’ denotes a modulo
division).

Proof. A proof by induction can be easily constructed
by first checking the base case wheni = 1 and succes-
sive induction. �

In the following we present an efficient retiming
methods for the already earlier discussed case of ho-
mogeneity where allp[Ii ] have the same output profile
∆ merely rotated by a constant offset. Furthermore, the
output profile should have only a periodic pattern such
as described by the regular expression:

lt | ((lt l f )∗ lt) (6)

Let l be thelengthof the expression in Eq. (6), for an in-
tuitive description see Fig. 2 (c). Then, if the condition
in Eq. (7) holds, algorithmOutputRetiming in Fig. 5
computes a collision free retiming.

adense+aremain ≤ β (7)

adense = bN/Ic · (l +(I −1) · lt)

aremain =
{

0 if N÷ I = 0
l +(N÷ I) · lt else

In Eq. (7), I denotes how many instances of an out-
put profile can be interleavedI = bl f /ltc+ 1. For in-
stance, consider Fig. 2 (c) wherel f = 3 andlt = 2, thus
I = b3/2c+1= 2, i.e., two output patterns can be inter-
leaved whereas a third one can start earliestl + lt time
steps later.



Algorithm OutputRetiming gets as parameter an
output profile∆ and a numberN denoting theN out-
puts in the serialization pathp[I1]→ . . .→ p[IN]. The
scheduling offsetδ denotes thatp[Ii+1] starts with the
same output profile asp[Ii ] butδ time steps later. Fourth
and last parameter is the block pipelining periodβ .
As result of the algorithm an arrayf [1..N] is returned,
where each elementf [i] denotes the delay of outputo[Ii ]
in order to ensure a collision free serialization.

Example 4.2 Let ∆ = (1, 0, 0, 1, 0, 0, 0, 0, 0, 0),
N = 4, δ = 1, and β = 10 be given. This means that
output o[I1] emits at time step zero data. Due to the
scheduling offsetδ = 1, o[I2] emits at time step zero no
data but at time step one, at the same time the value
sent one step earlier by o[I1] arrives at position I2 and
causes a collision. Thus we have to investigate if set
of outputs is serializable and if so if an appropriate re-
timing could be found. The bandwidth constraints in
Eq. (2) is satisfied since the number over all ’1’ in∆

multiplied by N is equal to 8. Next we evaluate Eq. (7)
which leads to10≤ β = 10. Subsequent application of
the proposed retiming algorithm leads to the following
result, f[1] = 0, f [2] = 1, f [3] = 2, and f[4] = 6, e.g.,
outputs from o[I2] have to be delayed by one time step.

5 Conclusions and Outlook

Due to the enormous mismatch of computational
power and I/O bandwidth sophisticated partitioning and
scheduling techniques are important. We have pre-
sented an efficient transformation in order to serialize
output data. Additionally, we have shown how a fre-
quently existent class of output patterns could retimed
in order to avoid collisions. If such a retiming is not
possible anymore but the bandwidth constraints still
hold, FIFOs and more advanced control structures can
be used to ensure a right timing behavior, but usually
also for a higher price. In the future we would like to
investigate the tighter coupling of our partitioning and
scheduling techniques together with the methodologies
described in this paper.
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