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Abstract

In this report we present a significant extension of the quantified equation based algorithm class

of piecewise regular algorithms. The main contributions of the following report are: (1) the class

of piecewise regular algorithms is extended by allowing run-time dependent conditionals, (2) a

mixed integer linear program is given to derive optimal schedules of the novel class we call dy-

namic piecewise regular algorithms, and (3) in order to achieve highest performance, we present

a speculative scheduling approach. The results are applied to an illustrative example.
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1 Introduction

In the last two decades a lot of research has been done in the area of parallel algorithms that can

be systematically mapped onto a class of massive parallel architectures called processor arrays.

Today these architectures are of great interest, since progressive integration densities and modern

nanotechnology allow implementations of hundreds of 32-bit microprocessors and more on a sin-

gle die. Moreover, with the advent of reconfigurable architectures, processor arrays have become

flexible as the design of software. Such arrays can solve efficiently a large number of problems

in signal, image, and video processing, or numerical linear algebra. Key components of mapping

methodologies which can be classified to the area of loop parallelization in the polytope model

[Fea96] are linear transformations and schedules in order to derive preferably homogeneous pro-

cessor arrays with local and regular communication structures and a high degree of pipelining and

parallelism. For this purpose, mostly only data flow dominant algorithms with static control have

been considered.

Many computational intensive algorithms of the above listed domains have also, in fact only

a small and simple control flow which cannot be evaluated in advance at compile-time but have

to be considered at run-time. In order to be able to handle also these algorithms, we propose

in Section 3 an extension of the class ofpiecewise regular algorithmsby run-time dependent

conditionals. In Section 4, we describe how these algorithms can bescheduled under resource

constraintsand howspeculative executioncan be incorporated by adaptation of existingmixed

integer linear programmingmethods. Finally in Section 5, we outline future research directions in

case existing methods will be inefficient. But first, in the next section we will give a brief overview

of related work.

2 Related Work

Loop parallelization is of great interest in order to accelerate applications either in software or

hardware. Transformations can be performed on a program given in an imperative form or in sin-

gle assignment code (SAC), where the whole parallelism is explicitly given. SAC is closely related

to a set of recurrence equations, a formalism introduced by Karp, Miller, and Winograd [KMW67].

This formalism has been used in many languages and advanced over the years about affine depen-

dencies or piecewise definitions. E.g.,Systems of Affine Recurrence Equations(SARE) which are

used in the Alpha language [WS94], the class ofAffine Indexed Algorithms(AIA) [EM99], and

the class ofPiecewise Linear Algorithms(PLA) [Thi92, Tei93]. None of these classes can handle

or is used to schedule dynamic data dependencies. As parallelizing compiler, LooPo [GL96] is

mentionable since it cannot only handle static loop bounds like the before described algorithm

classes but also while-loops.

The authors in [Meg93] and in [AR94] study a class of run-time dependencies such as used

in dynamic programming for knapsack problems, i.e., indirect addressing is considered. Further-

3



more, the authors show how optimal systolic array-like implementations can be derived. In [SD03]

the authors present a method to derive so calleddynamic single assignment code(dSAC) based on

fuzzy array dataflow analysis[CBF95]. The difference compared tosingle assignment codewhere

every left hand side variable is written exactly once is that in dSAC every variable is written at

most once, i.e., at compile-time it is unclear if a variable will be defined or not during the program

execution. This is the main difference compared to our approach presented in this report where

we assume SAC, i.e., a variable will be defined in either case.

Only few synthesis tools for the design of application specific circuits exist: PICO Express

[Syn] which was primarily developed as PICO-N by the Hewlett-Packard Laboratories [SAR+00,

KAS+02], Compaan [KRD00] which deals with process networks, and PARO [BT03, PAR] which

is based on the class of PLAs. PARO is a design system project for modeling, transformation, op-

timization, and processor synthesis for the class of PLA. PARO can be used during the process of

automated synthesis of regular circuits. Certainly, there exist a number of fully developed hard-

ware design languages and tools like Handel-C [CEL] or the SPARK environment [GDGN03], but

they use imperative forms as input code. Handel-C provides no high-level or parallelizing trans-

formations. The SPARK methodology is particularly targeted to control-intensive applications and

incorporates ideas of mutual exclusivity of operations and resource sharing, however, SPARK is

restricted to one-dimensional arrays.

3 Background and Notation

The purpose of this section is, (i) to recapitulate the class of algorithms we are dealing with called

piecewise linear algorithms(PLAs), and (ii) to extend this algorithm class by run-time dependent

conditionals.

The class of PLAs has been defined in [Thi92, Tei93]. This class extends the notion ofregular

iterative algorithms[Rao85] that may be related to regular processor arrays.

Definition 3.1 (PLA). Apiecewise linear algorithmconsists of a set ofN quantified equations,

S1 [I] , . . . , Si [I] , . . . , SN [I]. Each equationSi [I] is of the form

∀I ∈ Ii : xi [PiI + fi] = Fi (. . . , xj [QjI − dji] , . . .) if CI
i (I) (1)

wherexi, xj are linearly indexed variables,Fi denote arbitrary functions,Pi, Qj are constant

rational indexing matrices andfi, dji are constant rational vectors of corresponding dimension.

The dots. . . denote similar arguments.I ∈ Ii ⊆ Z
n is a linearly bounded lattice (definition

follows), called iteration space of the quantified equationSi [I]. The set of all vectorsPiI + fi,

I ∈ Ii is called the index space of variablexi. Furthermore, in order to account for irregularities

in programs, we allow quantified equationsSi [I] to haveiteration dependent conditionalsCI
i (I)

which can equivalently expressed byI ∈ ICi ⊆ Zn, where the spaceICi is an iteration space

calledcondition space.
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A PLA is calledpiecewise regular algorithm(PRA) if the matricesPi andQj are the identity

matrix. Variables that appear on the left hand side of equations are calleddefined. Variables that

uniquely appear on the left hand side of equations are calledoutput variables. Variables that appear

on right hand side of equations are calledused. Variables that uniquely appear on right hand side

of equations are calledinput variables. A program is thus a system of quantified equations that

implicitly defines a function of output variables in dependence of input variables. Some other

semantical properties are particular to the class of programs we are dealing with.

Single assignment property: Any instance of an indexed variable appears at most once on the

left hand side of an equation or, all equations defining the same variable are identical.

Computability: There exists a partial ordering of the equations such that any instance of a

variable appearing on the right side of an equation earlier appears in the left hand side in the

partial ordering.

Execution Model: The execution model of programs is architecture independent. A program

may be executed as follows: (1) All instances of equations are ordered respecting the above defined

partial ordering. (2) The indexed variables are determined by successive evaluation of equations.

The domainsIi are defined as follows:

Definition 3.2 (Linearly Bounded Lattice). Alinearly bounded latticedenotes an index space of

the form

I = {I ∈ Zn | I = Mκ+ c ∧ Aκ ≥ b}

whereκ ∈ Zl, M ∈ Zn×l, c ∈ Zn, A ∈ Zm×l andb ∈ Zm. {κ ∈ Zl | Aκ ≥ b} denotes the set

of integral points within a convex polyhedron or in case of boundedness within a polytope inZ
l.

This set is affinely mapped onto iteration vectorsI using an affine transformation (I = Mκ+ c).

Throughout the report, we assume that the matrixM is square and of full rank. Then, each vector

κ is uniquely mapped to an index pointI. Furthermore, we require that the index space is bounded.

In order to allow not only iteration dependent conditionals which are static and known at

compile time, we extend in the following the algorithm class byrun-time dependent conditionals.

Definition 3.3 (Run-Time Dependent Conditional). LetCRT [I] be arun-time dependent condi-

tionalof the form

CRT [I] = ( FC (. . . , y [g(I)] , . . .) relop c )

whereFC (. . . , x [g(I)] , . . .) denotes an arbitrary function involving constants and linearly in-

dexed variables only.relop ∈ {=, >,≥, <,≤, 6=} denotes the set of relational operators and

c ∈ R is a constant.

Definition 3.4 (DPLA/DPRA). [HT04] Adynamic piecewise linear algorithm(DPLA) is a PLA

where an additional type of equations expresses additional restrictions by run-time dependent
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conditionals as follows:

∀I ∈ Ii : xi [s(I)] =

{
F1
i (. . . , xj [t(I)] , . . .) if

(
CI
i (I) ∧ CRT

i [I]
)

F0
i (. . . , xk [u(I)] , . . .) if

(
CI
i (I) ∧ ¬CRT

i [I]
)

with s(I) = PiI+fi, t(I) = QjI−dji, andu(I) = QkI−dki. The notation¬CRT
i [I] denotes the

negation of the run-time dependent conditionalCRT
i [I], this is similar to the else-branch of an if-

conditional. We introduce intermediate variablesx1
i [s(I)] = F1

i (. . .) andx0
i [s(I)] = F0

i (. . .).
Note, the usage of variables defined in one branch is limited to the scope of only this branch,

they cannot be used in other parts of the program. A DPLA is calleddynamic piecewise regular

algorithm(DPRA) if the matricesPi,Qj , andQk are the identity matrix.

Note that by this definition we can strictly partition each condition into an iteration dependent con-

ditional and a run-time dependent conditional (separability). Due to both, the run-time dependent

conditional (CRT
i ) and the negated run-time dependent conditional (¬CRT

i ), the left hand side vari-

able of an equation is defined whensoeverCI
i (I) is fulfilled, and thus the computability property

of a program remains satisfied. Furthermore, a corresponding static dependence graph of a DPLA

can be specified as will be shown subsequently. But first, in Ex. 3.1 and Ex. 3.2 we give examples

of a DPRA and a DPLA, respectively.

Example 3.1

x[i] =

{
2 · cos(y[i−1])

sin(x[i−1]) if (x[i− 1] 6= 0)

∞ if (x[i− 1] = 0)

Example 3.2

x[i, j] =

{
x1[i, j] if

(
CRT[i, j] ∧ CI(I)

)
x0[i, j] if

(
¬CRT[i, j] ∧ CI(I)

)
x1[i, j] = y[i, j] · z[2i− 1, j]

x0[i, j] = y[i, j]

CRT[i, j] = (z[2i− 1, j] > 1)

CI(I) = (i > 0 ∧ j ≤ 3)

A PRA might be expressed by a so calledreduced dependence graph(RDG) [Tei93], also a DPRA

can be expressed by a RDG extended by run-time dependent conditionals.

Definition 3.5 (RCDG). Thereduced control/dependence graphRCDGG = (V,E,D) associ-

ated to a dynamic regular algorithm as defined above is defined as follows: The set of nodesV

can be divided into three disjoint subsetsV = VS ∪ VM ∪ VC . To each variablexi [I] there is
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Figure 1: Different node types of a RCDG. (a), simple node, (b), conditional node, (c), merge

node, and (d), supernode.

associated asimple nodevi ∈ VS . To each equation as defined in Def. 3.4 there are associated

two special nodes: (i), oneconditional nodevCi ∈ VC is associated to a run-time dependent condi-

tional CRT
i to determine which of the variablesx1

i , x
0
i is selected in (ii), amerge nodevMi ∈ VMi .

Since, by definition the nodesv1
i , v

0
i are only intermediate nodes, they can grouped together with

nodevi and the corresponding merge nodevMi to onesupernode. In Fig. 1 (a)-(d), graphical sym-

bols of the different node types are shown. Furthermore, a set of edgesE consists of two disjoint

subsetsE = ED ∪ EC . There is an edge(vi, vj) ∈ ED with distance vectordij if the variable

xj directly depends onxi via the dependence vectordij . Each conditional nodevCRT
i
∈ VC con-

trols one or more merge nodesvMi ∈ VMi . These control dependencies are specified by an edge

(vCi , vMi) ∈ EC .

In the following small example all the definitions are wrapped-up. In the majority of cases,

starting point is a given program in a high-level language like C or Java.

Example 3.3 Consider the following fictive program fragment given in a pseudo language:

1 FORALL (i = 1; i ≤ N ; i+ +)

2 FORALL (j = 1; j ≤M ; j + +)

3 b[i, j] = b[i, j − 1];
4 a[i, j] = a[i− 1, j] + b[i, j];
5 IF (a[i, j] > 10)

6 a[i, j] = 10;
7 ENDIF

8 ENDFOR

9 ENDFOR

This program can be formulated as a DPRA as follows:

b[i, j] = b[i, j − 1]

a1[i, j] = a2[i− 1, j] + b[i, j]

a2[i, j] =

{
a1

2[i, j] if (a1[i, j] > 10)
a0

2[i, j] if (a1[i, j] ≤ 10)

a1
2[i, j] = 10

a0
2[i, j] = a1[i, j]

with the iteration spaceI = {i, j ∈ Z | 1 ≤ i ≤ N ∧ 1 ≤ j ≤M} common to all equations.
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Figure 2: RCDG of the algorithm of Ex. 3.3.

Note that in order to satisfy the single assignment property, variables have been renamed, this

can be performed during a data dependence analysis of a given algorithm similar as in [Kie00]

assuming that a variable defined in an if-branch have to be defined also in a corresponding else-

branch.

A corresponding reduced dependence graph is depicted in Fig. 2. Here, for each left hand

side variable (b, a1, a2) of the DPRA exists one node. The evaluation of the run-time dependent

conditional is denoted by the triangular-shaped nodeC which generates a control signal (dashed

edge). This control signal selects in the second triangular-shaped nodeM whether the first or the

second branch is assigned to variablea2.

4 Allocation and Scheduling of DPRAs

Linear transformations as in the following equation are used asspace-time mappings[Mol83,

Len93] in order to assign aprocessor indexp ∈ Zn−1 (space) and asequencing indext ∈ Z (time)

to index vectorsI ∈ I. (
p

t

)
= TI =

(
Q

λ

)
I (2)

In Eq. (2),Q ∈ Z(n−1)×n andλ ∈ Z1×n. The main reasons for using linear allocation and

scheduling functions is that the data flow between processor elements (PE) is local and regular

which is essential for VLSI implementations. The interpretation of such a linear transformation is

as follows: The set of operations defined at index pointsλ · I = const. are scheduled at the same

time step. The index space of allocated processing elements (processor space) is denoted byQ
and is given by the setQ = {p | p = Q · I ∧ I ∈ I}. This set can also be obtained by choosing
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a projection of the dependence graph along a vectoru ∈ Zn, i.e. any coprime1 vectoru satisfying

Q · u = 0 [Kuh80] describes theprocessor allocationequivalently.

Allocation and scheduling must satisfy that no data dependencies in the DG are violated. This

is ensured by the well-knowncausality constraint,

λ · dij ≥ 0 ∀(vi, vj) ∈ E. (3)

A sufficient condition for guaranteeing that no two or more index points are assigned to a process-

ing element at the same time step is given by

rank

(
Q

λ

)
= n. (4)

Using the projection vectoru satisfyingQ·u = 0, this condition is equivalent toλ·u 6= 0 [Rao85].

If T is considered to be not anymore square, then among other things alsomulti-projections

or partitioning schemeslike Local Sequential Global Parallel(LSGP) partitioning,Local par-

allel global sequential(LPGS) partitioning, orco-partitioning [EM99] can be considered by an

appropriate decomposition ofQ andλ into sub-allocations and sub-schedules, respectively. The

description of these methods would exceed the content of this report and would not result in any

new insights since the following methods can similarly be applied to them.

In the following we mainly focus on resource constraints in order to derive in practice appli-

cable schedules.

Definition 4.1 (Resourcegraph). AresourcegraphGR = (VR, ER) is a bipartite graph. The set

of nodesVR = V ∪ VT contains the node setV of the RCDGG = (V,E,D). Each noderr ∈ VT
denotes oneresource type(e.g., adder, comparator, multiplexer, etc.). An edge(vi, rk) ∈ ER

with vi ∈ V and rk ∈ VT models the possibility thatvi might be executed on one instance of

resource typerk. In case of a supernode only the intermediate nodesv1
i , v

0
i , and the nodevMi

have mapping edges to resource nodes but not the nodevi. Furthermore, there exists a weight

functionw : ER 7→ Z
+
0 which associates to each edge(vi, rk) ∈ ER a timew(vi, rk), the

execution time ofvi on rk.

Let (G = (V,E,D), GR = (VR, ER)) be a given specification. Anallocation of functional units

is a functionα : VT 7→ Z
+
0 which associates to each resource typerk ∈ VT a numberα(rk) of

available instances. Furthermore, letδ(rk) be a pipeline rate which denotes after how many time

steps already a new operation can start onrk.

With this resource model, letwC be the execution time to evaluate a run-time dependent con-

ditional. Furthermore, letwF1 andwF0 be the execution times of the if- and the else-branch of

an equation, respectively, andwmax = max{wC , wF1 , wF0}. Then with respect to scheduling,

different cases can be considered:
1A vectorx is said to becoprimeif the absolute value of the greatest value of the greatest common divisor of its

elements is one.
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1. Static parallel branch execution. The conditional branches are (nearly) balanced if the follow-

ing condition holds:wC = wmax ∨ wF1 = wF0 . Then, preconditioned enough resources are

available, different branches of a run-time dependent conditional may be executed in parallel to

achieve highest performance. These types of run-time conditionals are very common in image

processing algorithms where often absolute, threshold, or min/max values are computed. Due to

the balanced behavior of branches’ execution time an optimal static linear schedule can be derived

at compile-time [HT04].

2. Static mutually exclusive scheduling. If the computation of one branch is more hardware costly,

it makes sense to share the resources since different branches of a conditional are mutually exclu-

sive.

3. Branch Balancing. When the execution times of branches are different (unbalanced,|wF1 −
wF0 | > 0), linear static scheduling may lead to sub-optimal execution times, since the worst case

execution time is always given by the longest branch. Then, techniques such as loop shifting and

compaction as in [GDGN04] can be investigated in order to balance the branches.

4. Quasi-static scheduling. If loop branches may not be balanced properly using branch bal-

ancing so that the overhead in execution time would not be tolerable, mixed scheduling concepts

consisting ofmixed static/dynamic schedulesor quasi-static scheduleswhere events generated at

run-time from the evaluation of run-time dependent conditionals and trigger statically optimized

sub-schedules.

In the following we present a methodology, for the second case, to schedule DPRAs under

resource constraints.

4.1 Static mutually exclusive scheduling

An entire mixed integer linear program (MILP) to derive optimal schedules is given in Ap-

pendix A. In this section we want to consider only the novel formulations in order to account

mutually exclusive operations with resource constraints. If the number of available resources is

limited, several operations may compete for the same resource. Then it has to be prevented that

more thanα(rk) operations are being simultaneously executed by the same resource typerk ∈ VT .

Here, we have to distinguish two different cases

1. Concurrent operations, we say also the operations are in AND relation,

2. If there are different execution branches in an algorithm, the operations are mutually exclu-

sive, in XOR relation.

The relationships among a set of operations can be represented as a tree where the internal nodes

are of the above introduced types, XOR and AND, and the leaves are the operations [HHL90]. Let

a node of the relationship tree haven sub-trees and the number of possible concurrent operations

for each sub-tree befj(rk, t), j = 1 . . . n. With this, the resource constraints can be formulated as
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follows:

fj(rk, t) ≤ α(rk) ∀ rk ∈ VT (5)

∀ t : 0 ≤ t ≤ P − 1

where,fj(rk, t) is defined as follows2,3

fj(rk, t) =



n∑
j=1

fj(rk, t) if the node is an AND node

n
max
j=1

fj(rk, t) if the node is an XOR node

δ(rk)−1∑
d=0

∑
∀ν:li≤t−d−νP≤hi

xi,k,t−d−νP if the node is a leafvi ∧ ∃ (vi, rk) ∈ ER

0 if the node is a leafvi ∧ @ (vi, rk) ∈ ER

The constraint in Eq. (5) has to be generated for all different resource types and for all minus

one time steps in the iteration interval. If one leaf nodevi with binding possibility to resource node

rk is reached, a sum of binary variables is generated. Here, by the outer summation the pipeline

rate of resource typerk is considered. During the time steps from 0 toδ(rk)−1 only one operation

can be executed on one instance of resource typerk. Since an operation is executed repeatedly, i.e.,

with a distance ofP time instances, operations in different iterations may overlap and multiplies

of the iteration interval (νP ) have to be considered. This is ensured by the innermost summation

where the conditionli ≤ t − d − νP ≤ hi can be interpreted as aconvolutionof the scheduling

intervals to the basic iteration interval.li andhi are lower and upper bounds oft, for further details

see Appendix A.

In a linear program the above inequalities can be formulated only for a fixed iteration interval

P (for Def., see Footnote 4) but as can seen in Appendix A,P is a variable of the MILP. This

problem can be solved by the introduction of an upper boundPmax and the introduction of further

binary variables for all possible values ofP . We omit this procedure for the sake of brevity.

4.2 Example

In this section, the proposed MILP formulation that can be used to schedule dynamic piecewise

regular algorithms under resource constraints and to allocate necessary resources simultaneously

is applied to an illustrative example. For this, consider the fictive nested loop program given in

Fig. 3 (a). In this small program two nested run-time conditionals are present. An equivalent

DPRA of the algorithm is represented in Fig. 3 (b).

In order to formulate the scheduling problem as a MILP we have to denote the available re-

sources. Therefore, in Fig. 4 (a) the RCDG of the algorithm and in Fig. 4 (b) a resource graph is
2xi,k,t is a binary variable of the MILP denoting, if true, that the execution of operationvi on resource typerk is

started at timet. For further details of the MILP see Appendix A.
3A term b = max (a1, ..., an) can be calculated in a minimization problem byn inequalitiesb ≥ ai, i = 1 . . . n and

the addition ofb to the objective function,f(x) + b.
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(a)

1 FORALL (i = 1; i ≤ N ; i+ +)

2 FORALL (j = 1; j ≤M ; j + +)

3 b[i, j] = b[i, j − 1]− c[i− 1, j];

4 a[i, j] = a[i− 1, j] + b[i, j];

5 IF (a[i, j] > 10)

6 c[i, j] = b[i, j] · b[i, j];
7 IF (b[i, j] > 8)

8 d[i, j] = b[i, j] + a[i, j];

9 e[i, j] = a[i, j] + 10;

10 ELSE

11 d[i, j] = 2 · b[i, j];
12 e[i, j] = a[i, j] + 3;

13 ENDIF

14 ELSE

15 c[i, j] = a[i, j] + 8;

16 d[i, j] = b[i, j] + 3;

17 e[i, j] = 2 · a[i, j];

18 ENDIF

19 ENDFOR

20 ENDFOR

(b)

a[i, j] = a[i− 1, j] + b[i, j]

b[i, j] = b[i, j − 1]− c[i− 1, j]

c[i, j] =

{
c1[i, j] if C1[i, j]
c0[i, j] if ¬C1[i, j]

c1[i, j] = b[i, j] · b[i, j]
c0[i, j] = a[i, j] + 8

d[i, j] =

{
d1[i, j] if C1[i, j]
d0[i, j] if ¬C1[i, j]

d1[i, j] =

{
d1.1[i, j] if C2[i, j]
d1.0[i, j] if ¬C2[i, j]

d0[i, j] = b[i, j] + 3

d1.1[i, j] = b[i, j] + a[i, j]

d1.0[i, j] = 2 · b[i, j]

e[i, j] =

{
e1[i, j] if C1[i, j]
e0[i, j] if ¬C1[i, j]

e1[i, j] =

{
e1.1[i, j] if C2[i, j]
e1.0[i, j] if ¬C2[i, j]

e0[i, j] = 2 · a[i, j]

e1.1[i, j] = a[i, j] + 10

e1.0[i, j] = a[i, j] + 3

C1[i, j] = (a[i, j] > 10)

C2[i, j] = (b[i, j] > 8) if C1[i, j]

with I = {i, j ∈ Z | 1 ≤ i ≤ N ∧ 1 ≤ j ≤M}

Figure 3: In (a), pseudo code of a nested loop program, in (b), the same algorithm written as a

DPRA.
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shown. Here, the available resources consist of one subtracter (sub), one adder (add), two com-

parators (cmp), and one multiplier (mul). Thus, six add operations and three mul operations have

to share each only one functional unit. The possibility ofmodule selectioncan be seen for nodeb

which can be mapped either on resource type sub or on resource type add. All resources require

one clock cycle except the multiplier which requires two cycles, but due to pipelining also the

multiplier is able to start everyδ(mul) = 1 clock cycle a new operation. Note, we assume that

the multiplexersM1 to M5 have zero time overhead, hence binding possibilities and multiplexer

resources are not depicted in the resource graph.

The relationship tree of the program is shown in Fig. 5 (a), accordingly to the nesting level of

the if-conditionals the tree has levels. With this information and a given allocation by a projection

vectoru = (1 0)T the minimization problem can be formulated. As a valid and optimal solution

we obtain as schedule vectorλ = (5 1), as iteration intervalP = 5, andτ(C1) = 2, τ(C2) = 3,

τ(b) = 0, τ(a) = 1, τ(c1) = 3, τ(c0) = 3, τ(d0) = 4, τ(e0) = 3, τ(d1.1) = 5, τ(e1.1) = 4,

τ(d1.0) = 4, τ(e1.0) = 4 are the relative start times for each operation. In Fig. 6 the schedule

is visualized for two processor elements for a time of each three periods. Only some data depen-

dencies are shown. For processor element one, from left to right, three different schedules for the

casesC1[i, j] = true ∧ C2[i, j] = true, C1[i, j] = true ∧ C2[i, j] = false, andC1[i, j] = false

are shown. Furthermore, it can be seen that the execution of different iterations overlap within

the iteration intervalP . In terms of power awareness the schedule is conscious but in terms of

resource utilization, the adder and multiplier are working only 50% of the time. Therefore, it can

be considered to use the free resources in order to achieve a better performance. Here, the main

idea is to precompute some variables in advance before the run-time conditional is evaluated. This

strategy, calledspeculative executionis well known and used in super-scalar and VLIW proces-

sors [SBV98]. This method will be formulated in the next section for the first time in the realm of

processor array design.

4.3 Speculative Scheduling

In order to achieve highest performance, free resources can be used to precalculate speculative

some variables. The main ideas to formulate the speculative execution of operations within our

MILP can be summarized as follows:

• Let τ(CRT
i ) be the fixed execution start times of the run-time dependent conditionals.

• Then, for each run-time dependent conditional two cases can be considered:

1. t < τ(CRT
i ) + wCRT

i
: The conditional has not been yet computed. Thus all of its

depending nodes are in AND relation.

2. t ≥ τ(CRT
i ) + wCRT

i
: The conditional has been evaluated and thus its branches are in

XOR relation in the following time.
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Figure 4: The RCDG of the algorithm in Fig. 3 (b) is shown in (a) and a corresponding resource

graph in (b), respectively.
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Figure 5: In (a), relationship tree of the algorithm in Fig. 3. In (b) and (c), relationship trees in

dependence on time intervals in order to perform speculation.

• Furthermore, if multi-cycle operations are allowed it must be ensured that the operations’

execution can be interrupted by others.

For the before discussed algorithm in Fig. 3 we get three intervals:

t < τ(C1) + wC1 (6)

τ(C1) + wC1 ≤ t < τ(C2) + wC2 (7)

τ(C2) + wC2 ≤ t (8)

In the last interval (Eq. (8)) all run-time dependent conditionals have been evaluated such that

this case is equivalent to the relationship tree in Fig. 5 (a). The first (Eq. (6)) and the second

(Eq. (7)) interval are depicted in Fig. 5 (c) and (b), respectively. Formulating the MILP with

these relationship trees, leads to the optimized schedule shown in Fig. 7 with the schedule vector
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Figure 6: Gantt chart for a part of the schedule. Depicted are two processor elements for a time of

each three periods.

λ = (4 1), as iteration intervalP = 4, andτ(C1) = 2, τ(C2) = 3, τ(b) = 0, τ(a) = 1, τ(c1) = 1,

τ(c0) = 2, τ(d0) = 3, τ(e0) = 3, τ(d1.1) = 3, τ(e1.1) = 4, τ(d1.0) = 2, τ(e1.0) = 4. For

instance, variablesc1 andc0 are calculated speculative, in advance and in parallel toC1. After the

comparison, alsoc1 andc0 have been already computed, one variable is selected for the further

dataflow and the other is disallowed (striped bar in the Gantt chart).

5 Conclusions and Future Directions

In this report we presented an extension of the class of PRAs in order to model run-time dependent

conditionals. This extension significantly increases the range of applications which can be paral-

lelized and mapped to massively parallel processor arrays. For instance, a lot of computational

intensive applications for video and image processing consist of nested loop programs with only

few andsmall run-time dependent conditionals. Furthermore, we presented an exact scheduling

methodology which takes resource constraints and mutual exclusive execution paths into account.

Finally, we presented novel extensions when designing processor arrays to utilize not used re-

sources in order to perform speculative computations to achieve better execution performance.

In the future we would like to investigate unbalanced and computational intensive branches.

Here, a two-stage scheduling methodology might be applied: within a branch, a static linear sched-

ule can be determined during compile-time. Around these static parts, a dynamic or data flow

driven concept has to be developed. In case of reconfiguration at run-time our resource graph

has to be extended to allow the modeling of reconfiguration times in order to perform precise

worst/best case execution estimations.

The newly class of DPLA introduced in this report is currently integrated into the PARO design
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Figure 7: Gantt chart for a part of the speculative schedule.

system [PAR, BT01]. Furthermore, in the future we would like to adapt our design methodology

in order to target also coarse-grained reconfigurable architectures [HDT04].
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A MILP Formulation
In this section the construction of a MILP is described. Its solution yields a latency optimal

schedule and resource type binding of operations. This methodology mainly recapitulates previous

ideas reported in [Thi95, TTZ97, HT01].

As is typical for VLSI processor array design, alinear scheduleis applied to the DPRA with

the index spaceI. The calculation of a variable (or an operation)xi [I] for I ∈ I starts at time step

t(I) = λ · I + τ(vi) (9)

and is finished at

t(I) = λ · I + τ(vi) + wi, (10)

respectively.
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A.1 Objective Function
The goal of the optimization is to minimize the total evaluation timeL which is given by:

L = max
I∈I

{
λ · I + max

vi∈V
{τ(vi) + wi}

}
−min

I∈I

{
λ · I + min

vi∈V
{τ(vi)}

}
(11)

In the following,L is approximated by

max λ · (I2 − I1)

subject to A · I1 ≥ b

A · I2 ≥ b

Using the duality theorem of linear programming [Sch86, DR92] the problem can be rewritten as:

min −(y1 + y2) · b

subject to y1 ·A = λ y1 ≥ 0 , y1 ∈ Q1×m

y2 ·A = −λ y2 ≥ 0 , y2 ∈ Q1×m

λ ∈ Z1×n

A.2 Dependence Constraints
The implied data dependencies given in the RCDG have to be guaranteed. I.e., for all edges

(vi, vj) ∈ E, the computation of nodevj can not begin until the execution of nodevi is finished.

Therefore, the starting time ofvj must be at leastwi greater than the starting time of nodevi. The

corresponding constraint

tj(I) − ti(I − dij) ≥ wi ∀ (vi, vj) ∈ E

directly leads with Eq. (9) to

λ · dij + τ (vj)− τ (vi) ≥ wi

A.3 Determination of the Iteration Interval
The iteration interval4 is given byP = |λ · u|. Since the iteration interval is not a fixed parameter

it has to be considered as variableP in the linear program. LetPmax be an upper bound of the

iteration interval, then the absolute value|λ ·u| can be determined by the following set of inequal-

ities:
4The iteration intervalP of an allocated and scheduled piecewise regular algorithm is the number of time instances

between the evaluation of two successive instances of a variable within one processing element [Thi95].
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P ≤ Pmax P ∈ Z

λ · u ≥ P − 2vPmax v ∈ {0, 1}

λ · u ≤ P (12)

−λ · u ≥ P − 2(1− v)Pmax

−λ · u ≤ P

It can easily demonstrated that the binary variablev always takes theright valueso that a positive

value follows, i.e., the absolute value ofP .

A.4 Resource Constraints
In order to take into account resource constraints within a processing element, an additional rep-

resentation is introduced. Where, the main concepts can be summarized as follows:

• The scheduling of operationvi ∈ V is characterized by a binary variablexi,k,t, where

xi,k,t = 1 denotes that at relative time instancet ∈ Z the operationvi starts its operation on

resource typerk ∈ VT .

• The relative start timeτ(vi) of each operation in the RCDG has a lower and upper bound.

These bounds can be obtained from schedules following the well knownas soon as possible

(ASAP) andas late as possible(ALAP) principles, respectively. For this, within the pro-

cessor elements unlimited resources are assumed. Through this, for each operationvi ∈ V
an interval of possible starting times is determined,τ(vi) ∈ [li, hi], whereli denotes the

earliest andhi the latest possible starting time, respectively.

• The relative start timesτ(vi) in Eq. (9) are represented as the weighted sum of the binary

variablesxi,k,t

τ (vi) =
∑

∀k:(vi,rk)∈ER

hi∑
t=li

t xi,k,t ∀ vi ∈ V

• As each operation can be executed on one resource type only, we need to add the following

equalities ∑
∀k:(vi,rk)∈ER

hi∑
t=li

xi,k,t = 1 ∀ vi ∈ V

• The evaluation time corresponding to a nodevi ∈ V executed on a resource typerk ∈ VT
can then be determined as

wi =
∑

∀k:(vi,rk)∈ER

hi∑
t=li

w(vi, rk) xi,k,t ∀ vi ∈ V

• And finally, in order to model resource constraints of mutually exclusive operations, the

constraints that have been defined in Eq. (5) are used.
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