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Abstract

In this report we present a significant extension of the quantified equation based algorithm class
of piecewise regular algorithms. The main contributions of the following report are: (1) the class
of piecewise regular algorithms is extended by allowing run-time dependent conditionals, (2) a
mixed integer linear program is given to derive optimal schedules of the novel class we call dy-
namic piecewise regular algorithms, and (3) in order to achieve highest performance, we present
a speculative scheduling approach. The results are applied to an illustrative example.



1 Introduction

In the last two decades a lot of research has been done in the area of parallel algorithms that can
be systematically mapped onto a class of massive parallel architectures called processor arrays.
Today these architectures are of great interest, since progressive integration densities and modern
nanotechnology allow implementations of hundreds of 32-bit microprocessors and more on a sin-
gle die. Moreover, with the advent of reconfigurable architectures, processor arrays have become
flexible as the design of software. Such arrays can solve efficiently a large number of problems
in signal, image, and video processing, or numerical linear algebra. Key components of mapping
methodologies which can be classified to the area of loop parallelization in the polytope model
[Fea96] are linear transformations and schedules in order to derive preferably homogeneous pro-
cessor arrays with local and regular communication structures and a high degree of pipelining and
parallelism. For this purpose, mostly only data flow dominant algorithms with static control have
been considered.

Many computational intensive algorithms of the above listed domains have also, in fact only
a small and simple control flow which cannot be evaluated in advance at compile-time but have
to be considered at run-time. In order to be able to handle also these algorithms, we propose
in Section 3 an extension of the classmécewise regular algorithmby run-time dependent
conditionals In Section 4, we describe how these algorithms casdieduled under resource
constraintsand howspeculative executiocan be incorporated by adaptation of existinged
integer linear programmingnethods. Finally in Section 5, we outline future research directions in
case existing methods will be inefficient. But first, in the next section we will give a brief overview
of related work.

2 Related Work

Loop parallelization is of great interest in order to accelerate applications either in software or
hardware. Transformations can be performed on a program given in an imperative form or in sin-
gle assignment code (SAC), where the whole parallelism is explicitly given. SAC is closely related
to a set of recurrence equations, a formalism introduced by Karp, Miller, and Winograd [KMW67].
This formalism has been used in many languages and advanced over the years about affine depen-
dencies or piecewise definitions. E.8ystems of Affine Recurrence Equati(B8RE) which are
used in the Alpha language [WS94], the clas®\fffine Indexed Algorithm@AlA) [EM99], and
the class oPiecewise Linear Algorithm@LA) [Thi92, Tei93]. None of these classes can handle
or is used to schedule dynamic data dependencies. As parallelizing compiler, LooPo [GL96] is
mentionable since it cannot only handle static loop bounds like the before described algorithm
classes but also while-loops.

The authors in [Meg93] and in [AR94] study a class of run-time dependencies such as used
in dynamic programming for knapsack problems, i.e., indirect addressing is considered. Further-



more, the authors show how optimal systolic array-like implementations can be derived. In [SDO03]
the authors present a method to derive so caligtamic single assignment co@SAC) based on

fuzzy array dataflow analysjf€BF95]. The difference comparedsmgle assignment codehere

every left hand side variable is written exactly once is that in dSAC every variable is written at
most once, i.e., at compile-time it is unclear if a variable will be defined or not during the program
execution. This is the main difference compared to our approach presented in this report where
we assume SAC, i.e., a variable will be defined in either case.

Only few synthesis tools for the design of application specific circuits exist: PICO Express
[Syn] which was primarily developed as PICO-N by the Hewlett-Packard LaboratoriesT@®R
KAST02], Compaan [KRD0O] which deals with process networks, and PARO [BT03, PAR] which
is based on the class of PLAs. PARO is a design system project for modeling, transformation, op-
timization, and processor synthesis for the class of PLA. PARO can be used during the process of
automated synthesis of regular circuits. Certainly, there exist a number of fully developed hard-
ware design languages and tools like Handel-C [CEL] or the SPARK environment [GDGNO3], but
they use imperative forms as input code. Handel-C provides no high-level or parallelizing trans-
formations. The SPARK methodology is particularly targeted to control-intensive applications and
incorporates ideas of mutual exclusivity of operations and resource sharing, however, SPARK is
restricted to one-dimensional arrays.

3 Background and Notation

The purpose of this section is, (i) to recapitulate the class of algorithms we are dealing with called
piecewise linear algorithm@LAs), and (ii) to extend this algorithm class by run-time dependent
conditionals.

The class of PLAs has been defined in [Thi92, Tei93]. This class extends the notegulair
iterative algorithmgRao85] that may be related to regular processor arrays.

Definition 3.1 (PLA). Apiecewise linear algorithroonsists of a set aV quantified equations,
Sil1],...,Si[I],...,Sn [I]. Each equatiorb; [{] is of the form

wherez;, x; are linearly indexed variablesF; denote arbitrary functionsf;, ; are constant
rational indexing matrices and;, d;; are constant rational vectors of corresponding dimension.
The dots. .. denote similar arguments/ € 7, C Z" is a linearly bounded lattice (definition
follows), called iteration space of the quantified equatii/|. The set of all vector®;,I + f;,

I € 7, is called the index space of variabtge. Furthermore, in order to account for irregularities
in programs, we allow quantified equatiofs[I] to haveiteration dependent conditional$(7)
which can equivalently expressed bye 7., C Z", where the spacé., is an iteration space
calledcondition space



A PLA is calledpiecewise regular algorithr(PRA) if the matrices?; and(; are the identity
matrix. Variables that appear on the left hand side of equations are daifieebd Variables that
uniquely appear on the left hand side of equations are cailgulit variablesVariables that appear
on right hand side of equations are calleskd Variables that uniquely appear on right hand side
of equations are callehput variables A program is thus a system of quantified equations that
implicitly defines a function of output variables in dependence of input variables. Some other
semantical properties are particular to the class of programs we are dealing with.

Single assignment propertny instance of an indexed variable appears at most once on the
left hand side of an equation or, all equations defining the same variable are identical.

Computability There exists a partial ordering of the equations such that any instance of a
variable appearing on the right side of an equation earlier appears in the left hand side in the
partial ordering.

Execution Model The execution model of programs is architecture independent. A program
may be executed as follows: (1) All instances of equations are ordered respecting the above defined
partial ordering. (2) The indexed variables are determined by successive evaluation of equations.

The domaing; are defined as follows:

Definition 3.2 (Linearly Bounded Lattice). Anearly bounded latticelenotes an index space of
the form
T ={le€Z"|I=Mr+c N Ak > b}

wherex € Z!, M € 7", c € 7", A € Z™*' andb € Z™. {k € 7! | Ax > b} denotes the set
of integral points within a convex polyhedron or in case of boundedness within a polyt@pe in
This set is affinely mapped onto iteration vectbrssing an affine transformation (= Mk + ¢).

Throughout the report, we assume that the matfixs square and of full rank. Then, each vector

 is uniguely mapped to an index poihtFurthermore, we require that the index space is bounded.
In order to allow not only iteration dependent conditionals which are static and known at

compile time, we extend in the following the algorithm clasgiy-time dependent conditionals

Definition 3.3 (Run-Time Dependent Conditional). L&t [I] be arun-time dependent condi-
tional of the form

CRT[I] = (Fe(...,ylg(D)],...) relop ¢ )

whereF¢ (..., x[g(I)],...) denotes an arbitrary function involving constants and linearly in-
dexed variables onlyrelop € {=,>,>, <, <,#} denotes the set of relational operators and
¢ € R is a constant.

Definition 3.4 (DPLA/DPRA). [HT04] Adynamic piecewise linear algorith(DPLA) is a PLA
where an additional type of equations expresses additional restrictions by run-time dependent



conditionals as follows:

Fr(zi[t(D],...) if (CHI) A CRT[I))
FO( o u(I)],...) if (CHI) A —CRT (1))

(2

VIiel; : x;[s(I)] = {

with s(I) = P I+ f;, t(I) = Q;1 —dj;, andu(I) = Qi —dy;. The notation-C:' [I] denotes the
negation of the run-time dependent conditioGgF [I], this is similar to the else-branch of an if-
conditional. We introduce intermediate variables[s(I)] = F! (...) andz? [s(I)] = F2(...).

Note, the usage of variables defined in one branch is limited to the scope of only this branch,
they cannot be used in other parts of the program. A DPLA is callesamic piecewise regular
algorithm(DPRA) if the matrices’;, Q);, andQ);, are the identity matrix.

Note that by this definition we can strictly partition each condition into an iteration dependent con-
ditional and a run-time dependent conditional (separability). Due to both, the run-time dependent
conditional CFT) and the negated run-time dependent conditiondf(), the left hand side vari-

able of an equation is defined whensoegH) is fulfilled, and thus the computability property

of a program remains satisfied. Furthermore, a corresponding static dependence graph of a DPLA
can be specified as will be shown subsequently. But first, in Ex. 3.1 and Ex. 3.2 we give examples
of a DPRA and a DPLA, respectively.

Example 3.1
oli] = { 2- S i ol - 1) £ 0)
00 if (z[i —1]=0)
Example 3.2
olij] - { 20, 5] i (C*[i, 5] A CY(D))
’ 2, 7] if (=CRT[i, 5] A CH(I))
xl[iaj] = y[%]] : Z[2i_17j]
xo[iaj] = y[lvj]
C™i, gl = (2[2i—1,4]> 1)
CiI) = (i>0Aj<3)

A PRA might be expressed by a so calteduced dependence grafRDG) [Tei93], also a DPRA
can be expressed by a RDG extended by run-time dependent conditionals.

Definition 3.5 (RCDG). Thereduced control/dependence grdpBDG G = (V, E, D) associ-
ated to a dynamic regular algorithm as defined above is defined as follows: The set ofihodes
can be divided into three disjoint subséts= Vg U V3; U V. To each variablez; [I] there is
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Figure 1: Different node types of a RCDG. (a), simple node, (b), conditional node, (c), merge
node, and (d), supernode.

associated aimple nodev; € Vg. To each equation as defined in Def. 3.4 there are associated
two special nodes: (i), oneonditional node, € V¢ is associated to a run-time dependent condi-
tional C** to determine which of the variables, z? is selected in (i), anerge node ), € Vi, .
Since, by definition the nodes, ) are only intermediate nodes, they can grouped together with
nodev; and the corresponding merge nodg, to onesupernodeln Fig. 1 (a)-(d), graphical sym-
bols of the different node types are shown. Furthermore, a set of ddgessists of two disjoint
subsets® = Ep U E¢. There is an edgév;, v;) € Ep with distance vectod,; if the variable

x; directly depends om; via the dependence vectdy;. Each conditional node rr € V¢ con-

trols one or more merge nodes;, € Viy,. These control dependencies are spécified by an edge
(UC“UMi) € FEe.

In the following small example all the definitions are wrapped-up. In the majority of cases,
starting point is a given program in a high-level language like C or Java.

Example 3.3 Consider the following fictive program fragment given in a pseudo language:
1 FORALL(G=1;i<N;i++)
2 FORALL(j=1; < M; j++)

bli, j] = bli,j —1);

ali,j] = ali—1,4] + bfi, j;

IF (afi, 7] > 10)

ali, j] = 10;

ENDIF

8 ENDFOR

9 ENDFOR

This program can be formulated as a DPRA as follows:

~N o 0o~ W

bli,j] = bli,j—1]

ai[i,j] = asli—1,7] + b[i,J]

asli,j] = {aé[lﬂ] ?f (01[2:7]:]>10)
aslfi,j] if (a1, j] < 10)

agli,j) = 10

asli,j] = ali,]]

with the iteration spac€ = {i,j €Z|1<i< N A 1<j < M} common to all equations.



Figure 2: RCDG of the algorithm of Ex. 3.3.

Note that in order to satisfy the single assignment property, variables have been renamed, this
can be performed during a data dependence analysis of a given algorithm similar as in [Kie00]
assuming that a variable defined in an if-branch have to be defined also in a corresponding else-
branch.

A corresponding reduced dependence graph is depicted in Fig. 2. Here, for each left hand
side variable §, a1, a2) of the DPRA exists one node. The evaluation of the run-time dependent
conditional is denoted by the triangular-shaped ndédevhich generates a control signal (dashed
edge). This control signal selects in the second triangular-shaped hbddether the first or the
second branch is assigned to variable

4 Allocation and Scheduling of DPRASs

Linear transformations as in the following equation are usedpage-time mappingéol83,
Len93] in order to assign@rocessor index € Z"~! (space) and aequencing indexc Z (time)

to index vectord € 7.
<p>:TI:<Q>I )
t A

In Eq. (2),Q € Z(»1>*" and\ e Z'*™, The main reasons for using linear allocation and
scheduling functions is that the data flow between processor elements (PE) is local and regular
which is essential for VLSI implementations. The interpretation of such a linear transformation is
as follows: The set of operations defined at index polntg = const. are scheduled at the same
time step. The index space of allocated processing elemgmtsesSsor spagds denoted byQ

andis givenbythesed = {p|p=Q -1 A I € Z}. This set can also be obtained by choosing



a projection of the dependence graph along a vacterZ™, i.e. any coprimévectoru satisfying
Q@ - u = 0 [Kuh80] describes thprocessor allocatiorquivalently.

Allocation and scheduling must satisfy that no data dependencies in the DG are violated. This
is ensured by the well-knowrausality constraint

)\-d@'j >0 \V/(UZ',’UJ') S 3)

A sufficient condition for guaranteeing that no two or more index points are assigned to a process-
ing element at the same time step is given by

QY _
rank( \ ) = n. 4)

Using the projection vectar satisfying@ - u = 0, this condition is equivalent td-« = 0 [Rao85].

If T is considered to be not anymore square, then among other thingsal§gprojections
or partitioning schemesike Local Sequential Global Parallg]LSGP) partitioning,Local par-
allel global sequentia(LPGS) partitioning, orco-partitioning[EM99] can be considered by an
appropriate decomposition @f and ) into sub-allocations and sub-schedules, respectively. The
description of these methods would exceed the content of this report and would not result in any
new insights since the following methods can similarly be applied to them.

In the following we mainly focus on resource constraints in order to derive in practice appli-
cable schedules.

Definition 4.1 (Resourcegraph). Aesourcegraplirr = (Vg, Er) is a bipartite graph. The set
of nodesV’r = V' U Vi contains the node sét of the RCDGG = (V, E, D). Each node, € Vp
denotes oneesource typde.g., adder, comparator, multiplexer, etc.). An edgery) € Egr
withv; € V andr, € Vp models the possibility that; might be executed on one instance of
resource typer. In case of a supernode only the intermediate nages?, and the node,,,
have mapping edges to resource nodes but not the npdEurthermore, there exists a weight
functionw : FEgr — Za“ which associates to each ed¢e,r,) € Er a timew(v;, ), the
execution time of; onry,.

Let (G = (V,E,D),Gr = (Vg, ER)) be a given specification. Aallocation of functional units
is a functiona : Vi — ZJ which associates to each resource types V- a numbera(ry,) of
available instances. Furthermore, d¢t;) be a pipeline rate which denotes after how many time
steps already a new operation can startan

With this resource model, let: be the execution time to evaluate a run-time dependent con-
ditional. Furthermore, letvz1 andw o be the execution times of the if- and the else-branch of
an equation, respectively, and,,x = max{wc,wr1,wxo}. Then with respect to scheduling,
different cases can be considered:

A vector z is said to becoprimeif the absolute value of the greatest value of the greatest common divisor of its
elements is one.



1. Static parallel branch executiohe conditional branches are (nearly) balanced if the follow-

ing condition holds:we = wmax V wr1 = wgo. Then, preconditioned enough resources are
available, different branches of a run-time dependent conditional may be executed in parallel to
achieve highest performance. These types of run-time conditionals are very common in image
processing algorithms where often absolute, threshold, or min/max values are computed. Due to
the balanced behavior of branches’ execution time an optimal static linear schedule can be derived
at compile-time [HTO4].

2. Static mutually exclusive schedulinfthe computation of one branch is more hardware costly,
it makes sense to share the resources since different branches of a conditional are mutually exclu-
sive.

3. Branch Balancing When the execution times of branches are different (unbalaneed,—

wro| > 0), linear static scheduling may lead to sub-optimal execution times, since the worst case
execution time is always given by the longest branch. Then, techniques such as loop shifting and
compaction as in [GDGNO4] can be investigated in order to balance the branches.

4. Quasi-static schedulinglf loop branches may not be balanced properly using branch bal-
ancing so that the overhead in execution time would not be tolerable, mixed scheduling concepts
consisting ofmixed static/dynamic schedulesquasi-static scheduleshere events generated at
run-time from the evaluation of run-time dependent conditionals and trigger statically optimized
sub-schedules.

In the following we present a methodology, for the second case, to schedule DPRAs under
resource constraints.

4.1 Static mutually exclusive scheduling

An entire mixed integer linear program (MILP) to derive optimal schedules is given in Ap-
pendix A. In this section we want to consider only the novel formulations in order to account
mutually exclusive operations with resource constraints. If the number of available resources is
limited, several operations may compete for the same resource. Then it has to be prevented that
more tham(r) operations are being simultaneously executed by the same resoureg typé-.

Here, we have to distinguish two different cases

1. Concurrent operations, we say also the operations are in AND relation,

2. If there are different execution branches in an algorithm, the operations are mutually exclu-
sive, in XOR relation.

The relationships among a set of operations can be represented as a tree where the internal nodes
are of the above introduced types, XOR and AND, and the leaves are the operations [HHL90]. Let

a node of the relationship tree hawvesub-trees and the number of possible concurrent operations

for each sub-tree bgi(ry, t), j = 1...n. With this, the resource constraints can be formulated as

10



follows:

filre,t) < a(ry)  VrpeVp (%)
Vt:0<t<P-1

where, f; (1, t) is defined as follow’3

> filret) if the node is an AND node
j=1
max f;(ry, t) if the node is an XOR node
— J=1
Jiris t) = 6(rp)—1
> Tiri_dvp ifthenodeisaleab; A 3 (v, ) € Eg
d=0 Yuil;<t—d—vP<h;
0 if the node is a leab; A P (vi, ) € Er

The constraint in Eq. (5) has to be generated for all different resource types and for all minus
one time steps in the iteration interval. If one leaf nogwith binding possibility to resource node
ri is reached, a sum of binary variables is generated. Here, by the outer summation the pipeline
rate of resource type; is considered. During the time steps from @{o, ) — 1 only one operation
can be executed on one instance of resourcertyp8ince an operation is executed repeatedly, i.e.,
with a distance of? time instances, operations in different iterations may overlap and multiplies
of the iteration intervali(P) have to be considered. This is ensured by the innermost summation
where the condition; <t — d — vP < h; can be interpreted ascamnvolutionof the scheduling
intervals to the basic iteration interva).andh; are lower and upper boundsiofor further details
see Appendix A.

In a linear program the above inequalities can be formulated only for a fixed iteration interval
P (for Def., see Footnote 4) but as can seen in Appendi¥’As a variable of the MILP. This
problem can be solved by the introduction of an upper badpg. and the introduction of further
binary variables for all possible values Bf We omit this procedure for the sake of brevity.

4.2 Example

In this section, the proposed MILP formulation that can be used to schedule dynamic piecewise
regular algorithms under resource constraints and to allocate necessary resources simultaneously
is applied to an illustrative example. For this, consider the fictive nested loop program given in
Fig. 3 (a). In this small program two nested run-time conditionals are present. An equivalent
DPRA of the algorithm is represented in Fig. 3 (b).

In order to formulate the scheduling problem as a MILP we have to denote the available re-
sources. Therefore, in Fig. 4 (a) the RCDG of the algorithm and in Fig. 4 (b) a resource graph is

22,1+ is a binary variable of the MILP denoting, if true, that the execution of operatjam resource type, is
started at time. For further details of the MILP see Appendix A.

%A termb = max (a1, ..., ) can be calculated in a minimization problemsbynequalitiesh > a;,7 = 1...n and
the addition of to the objective functionf (z) + b.

11



(@) (b)

1 FORALL (i=1; i< N;i++) ali,j] = ali—1,j]+b[i, ]

2 FORALL(j=1; j < M; j++) i) = g =1 =cli = 1.1
3 bli,j] = bli,j — 1] —cli — 1, j; cli.j] = Z{Zﬁ iflc[j[zﬂa]
4 ali,j] = ali — 1, 5]+ bli, j}; gl = bfi ] bfi )

5 IF (afi,§] > 10) O] = alig)+8

6 cli, j] = bli, 5] bli, j; di] {dl[z,]] if €y, j]
7 IF (b[i,j] > 8) ’ i, 5] if =Cy[i, j]
8 dli,j] = bi, j]+ ali, j; D = {d:[;,j} i Coli ]
9 eli,j] = ali,j] + 10; i, 5] if —Cali, j]
10 ELSE d’li,j] = bli.j]+3

11 di, j] = 2 b[i, jl; Z:m _ Z[f’b]é;}a[l’ﬂ

12 eli, 7] = ali,j] + 3; B i) i Calid]
13 ENDIF eli,j] = {eo[m it ~Cyi, ]
o ELSE i 1 e ij) it Cali, ]
15 clivj] = alij]+8; et = {em[z‘,j] it ~Cofi, ]
16 dli,§] = b[i, ]+ 3; li,j] = 2-ali,j]

17 eli,j] = 2-ali,; Mgl = ali g+ 10

18 ENDIF e, j] = ali, ] +3

19  ENDFOR Cili,j] = (ali,j] > 10)

20 ENDEOR Colij) = (Vi) >8) i Cifi,d)

WithZ ={i,j€Z|1<i<N A1<j<M}

Figure 3: In (a), pseudo code of a nested loop program, in (b), the same algorithm written as a
DPRA.

12



shown. Here, the available resources consist of one subtracter (sub), one adder (add), two com-
parators (cmp), and one multiplier (mul). Thus, six add operations and three mul operations have
to share each only one functional unit. The possibilitynafdule selectionan be seen for node

which can be mapped either on resource type sub or on resource type add. All resources require
one clock cycle except the multiplier which requires two cycles, but due to pipelining also the
multiplier is able to start every(mul) = 1 clock cycle a new operation. Note, we assume that

the multiplexersi/; to M5 have zero time overhead, hence binding possibilities and multiplexer
resources are not depicted in the resource graph.

The relationship tree of the program is shown in Fig. 5 (a), accordingly to the nesting level of
the if-conditionals the tree has levels. With this information and a given allocation by a projection
vectoru = (1 0)" the minimization problem can be formulated. As a valid and optimal solution
we obtain as schedule vectdr= (5 1), as iteration intervaP = 5, and7(C;) = 2, 7(C2) = 3,

7(b) = 0, 7(a) = 1, 7(ct) = 3, 7(°) = 3, 7(d°) = 4, (%) = 3, 7(d*?) = 5, 7(e!!) = 4,

7(d*%) = 4, 7(e*?) = 4 are the relative start times for each operation. In Fig. 6 the schedule

is visualized for two processor elements for a time of each three periods. Only some data depen-
dencies are shown. For processor element one, from left to right, three different schedules for the
case<’1[i, j] = true A Cofi, j| = true, Ci[i, j] = true A Cali, j] = false, andCii, j] = false

are shown. Furthermore, it can be seen that the execution of different iterations overlap within
the iteration intervalP. In terms of power awareness the schedule is conscious but in terms of
resource utilization, the adder and multiplier are working only 50% of the time. Therefore, it can
be considered to use the free resources in order to achieve a better performance. Here, the main
idea is to precompute some variables in advance before the run-time conditional is evaluated. This
strategy, calledpeculative executiois well known and used in super-scalar and VLIW proces-
sors [SBV98]. This method will be formulated in the next section for the first time in the realm of
processor array design.

4.3 Speculative Scheduling

In order to achieve highest performance, free resources can be used to precalculate speculative
some variables. The main ideas to formulate the speculative execution of operations within our
MILP can be summarized as follows:

e Let7(CFT) be the fixed execution start times of the run-time dependent conditionals.
e Then, for each run-time dependent conditional two cases can be considered:

1.t < 7(CRT) 4+ werr: The conditional has not been yet computed. Thus all of its
depending nodes are in AND relation.

2. t > 7(CRY) + werr: The conditional has been evaluated and thus its branches are in
XOR relation in the following time.

13



a(sub)=1
O(sub)=1

a(mul)=1
o(mul)=1

Figure 4: The RCDG of the algorithm in Fig. 3 (b) is shown in (a) and a corresponding resource
graph in (b), respectively.

14



Figure 5: In (a), relationship tree of the algorithm in Fig. 3. In (b) and (c), relationship trees in
dependence on time intervals in order to perform speculation.

e Furthermore, if multi-cycle operations are allowed it must be ensured that the operations’
execution can be interrupted by others.

For the before discussed algorithm in Fig. 3 we get three intervals:

t < 7(C1) + we, (6)
T(C1) +we, < t < 7(Ca) + we, @)
7(Co) +we, < t (8)

In the last interval (Eq. (8)) all run-time dependent conditionals have been evaluated such that
this case is equivalent to the relationship tree in Fig. 5 (a). The first (Eq. (6)) and the second
(Eq. (7)) interval are depicted in Fig. 5 (c) and (b), respectively. Formulating the MILP with
these relationship trees, leads to the optimized schedule shown in Fig. 7 with the schedule vector

15



CMPi
CMP{
PE2 SUBA
MULA

ADD

CMP2
CMP1

PE1 SUB
]
0 1 2 3 4 5 6 7 8 9 10 11 12 lé lh lg 1% t

MUL

ADD

Figure 6: Gantt chart for a part of the schedule. Depicted are two processor elements for a time of
each three periods.

A = (4 1), asiteration intervaP = 4, andr(C;) = 2, 7(C2) = 3, 7(b) = 0, 7(a) = 1, 7(c}) = 1,

(%) = 2, 7(d°) = 3, 7(eY) = 3, 7(d) = 3, 7(elt) = 4, 7(d*0) = 2, () = 4. For
instance, variables' andc? are calculated speculative, in advance and in parallg] té\fter the
comparison, alse! andc” have been already computed, one variable is selected for the further
dataflow and the other is disallowed (striped bar in the Gantt chart).

5 Conclusions and Future Directions

In this report we presented an extension of the class of PRAs in order to model run-time dependent
conditionals. This extension significantly increases the range of applications which can be paral-
lelized and mapped to massively parallel processor arrays. For instance, a lot of computational
intensive applications for video and image processing consist of nested loop programs with only
few andsmallrun-time dependent conditionals. Furthermore, we presented an exact scheduling
methodology which takes resource constraints and mutual exclusive execution paths into account.
Finally, we presented novel extensions when designing processor arrays to utilize not used re-
sources in order to perform speculative computations to achieve better execution performance.

In the future we would like to investigate unbalanced and computational intensive branches.
Here, atwo-stage scheduling methodology might be applied: within a branch, a static linear sched-
ule can be determined during compile-time. Around these static parts, a dynamic or data flow
driven concept has to be developed. In case of reconfiguration at run-time our resource graph
has to be extended to allow the modeling of reconfiguration times in order to perform precise
worst/best case execution estimations.

The newly class of DPLA introduced in this report is currently integrated into the PARO design
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Figure 7. Gantt chart for a part of the speculative schedule.

system [PAR, BTO1]. Furthermore, in the future we would like to adapt our design methodology
in order to target also coarse-grained reconfigurable architectures [HDTO4].
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A MILP Formulation

In this section the construction of a MILP is described. Its solution yields a latency optimal
schedule and resource type binding of operations. This methodology mainly recapitulates previous
ideas reported in [Thi95, TTZ97, HTO1].

As is typical for VLSI processor array designlimear schedulas applied to the DPRA with
the index spac&. The calculation of a variable (or an operatian}!] for I € 7 starts at time step

t(I) =X T +7(vy) €)
and is finished at

tI) = A- I+ 7(vi) + wi, (10)

respectively.
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A.1 Objective Function
The goal of the optimization is to minimize the total evaluation tibwhich is given by:

v; €

L = max {)\ I+ max {7(vi) + wz}} - r}lel? {)\ I+ min {T(v,)}} (11)

U

In the following, L is approximated by

max )\-(12—11)
subjectto A-I1 >0
A-I,>b

Using the duality theorem of linear programming [Sch86, DR92] the problem can be rewritten as:

min —(y1+12) b
subjectto  y;-A = A y1 > 0,y €Q™
y2r A ==Xy >0,y€Q"
)\ c Zan

A.2 Dependence Constraints

The implied data dependencies given in the RCDG have to be guaranteed. l.e., for all edges
(vi,vj) € E, the computation of node; can not begin until the execution of nodgis finished.
Therefore, the starting time of must be at least; greater than the starting time of node The
corresponding constraint

tj(I) — ti(I*dij) > in(Ui,Uj) ek

directly leads with Eq. (9) to

Xodij + 7(vj) —T(vi) > w

A.3 Determination of the Iteration Interval

Theiteration intervaf is given byP = |\ - u|. Since the iteration interval is not a fixed parameter
it has to be considered as variakifein the linear program. LeP,,., be an upper bound of the
iteration interval, then the absolute value u| can be determined by the following set of inequal-
ities:

“The iteration intervalP of an allocated and scheduled piecewise regular algorithm is the number of time instances
between the evaluation of two successive instances of a variable within one processing element [Thi95].
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P < Pha PeZ

u > P—20Pn., ve{01}

u < P (12)
—A-u > P—2(1—-v)Pnax
“Au < P

It can easily demonstrated that the binary variab#dways takes theght valueso that a positive
value follows, i.e., the absolute value Bf

A4

Resource Constraints

In order to take into account resource constraints within a processing element, an additional rep-
resentation is introduced. Where, the main concepts can be summarized as follows:

The scheduling of operation; € V' is characterized by a binary variahlg; ;, where
x; L = 1 denotes that at relative time instartce Z the operation; starts its operation on
resource type; € Vr.

The relative start time(v;) of each operation in the RCDG has a lower and upper bound.
These bounds can be obtained from schedules following the well kaewoon as possible
(ASAP) andas late as possibl@ALAP) principles, respectively. For this, within the pro-
cessor elements unlimited resources are assumed. Through this, for each operation

an interval of possible starting times is determinet;) € [I;, h;], wherel; denotes the
earliest andh; the latest possible starting time, respectively.

The relative start times(v;) in Eq. (9) are represented as the weighted sum of the binary

variablesr; x ¢ .
T (Uz) = Z Zt Tkt Vv eV
Vk:(vi,rk)EER t=l;

As each operation can be executed on one resource type only, we need to add the following

equalities .
Z in,k,t =1 VyeV

Vk:(vs,ri)EER t=l;

The evaluation time corresponding to a naglec V' executed on a resource type € Vr
can then be determined as

hi
W = Z Zw(vivrk) Tikt VvEV

Vk:(vs,ri)EER t=I;

And finally, in order to model resource constraints of mutually exclusive operations, the
constraints that have been defined in Eq. (5) are used.
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