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Abstract type of run-time conditionals We describe how these al-
In this paper we present an extension of the class of piece-gorithms may be scheduled and mapped by adaptation of
wise linear algorithms (PLAs) in order to model one type of existing methods.
dynamic data dependencies. This extension significantly in-
creases the range of applications which can be parallelized 2 Related Work
and mapped to massively parallel processor arrays. For
instance, a lot of computational intensive applications for
video and image processing consist of nested loop program

Loop parallelization is of great interest in order to accel-
erate applications either in software or hardware. Transfor-
Smations can be performed on a program given in an imper-
ative form or in single assignment code (SAC), where the
"Wwhole parallelism is explicitly expressed. SAC is closely
related to a set of recurrence equations, a formalism intro-
duced by Karp, Miller, and Winograd [11]. This formal-
ism has been used in many languages and advanced over
the years about affine dependencies or piecewise defini-
i tions. E.g. Systems of Affine Recurrence Equati(8ARE)
1 Introduction which are used in the Alpha language [3], the clasaftifie

In the last two decades a lot of research has been spenkndexed AlgorithmgAIA) [4], and the class oPiecewise

in the area of parallel algorithms that can be systematically Linear Algorithms(PLA) [19, 20]. None of these classes

mapped onto a class of massive parallel architectures calledd" handle or is used to schedule dynamic data dependen-

processor arrays. Today these architectures are of great inCles. As parallelizing compiler, LooPo [6] is mentionable

terest, since progressive integration densities and minimaiSiNce it ca_nnot onlylhandle static loop bounds like the be-
structures of modern ULSI-devices allow implementations fore despnbed algorithm classes b.Ut also while-loops. .

of hundreds of 32-bit microprocessors and more on a sin- _ [N this area only few synthesis tools for the design

gle die. Moreover, with the advent of reconfigurable archi- of ?‘F’P"Ca“"f? spgcmc circuits exists: PICO Express [18]

tectures, processor arrays have become flexible as the de/hich was primarily developed as PICO-N by the Hewlett-

sign of software. Such arrays can solve efficiently a large Packard Laboratories [12, 17], Compaan [14].Wh'.Ch deals
number of problems in signal, image, and video processing,Vith Process networks, and PARO [2, 15] which is based
or numerical linear algebra. Key components of mapping " the class of PLAs. PARO is a design system project for
methodologies which can be classified to the area of loopM°deling, transformation, optimization, and processor syn-
parallelization in the polytope model [5] are linear transfor- thesis for the class of PLA. PARO can be used during the

mations and schedules in order to derive preferably homo-Process of automated synthesis of regular circuits.

geneous processor arrays with local and _regyl_ar communi-g Background and Notation

cation structures and a high degree of pipelining and par-

allelism. For this purpose, mostly only data flow dominant ~ The purpose of this section is, (i) to recapitulate the class

algorithms with static control have been considered. of algorithms we are dealing with callgdecewise linear
Many computational intensive algorithms of the above algorithms(PLAs), and (ii) to extend this algorithm class

listed domains have also, in fact only a small and simple by one type oflynamic data dependencies

control flow which can not evaluated in advance at com-  The class of PLAs has been defined in [19,20]. This class

pile time but have to be considered at run-time. In order to extends the notation oggular iterative algorithm¢$16] that

be able to handle also these algorithms we propose an exmay be related to regular processor arrays. In the following,

tension of the class gfiecewise linear algorithmby one the properties of PLAs are defined:

directly used — with slight changes — within traditional map-
ping methodologies based on loop parallelization in the
polytope model. Additionally, we outline future research
directions in the case existing methods will be inefficient.



Definition 2.1.a (PLA). A piecewise linear algo-
rithm consists of a set ofN quantified equations,
Sy([I],...,S;[I],...,Sn[I]. Each equationS;[I] is of
the form

VIieT; : xz[PJ—l—fZ} = .7:1‘(...,.1?]‘ [le—d”],)

wherez;, x; are linearly indexed variablesF; denote ar-
bitrary functions, P;, @); are constant rational indexing
matrices andf;, d;; are constant rational vectors of cor-
responding dimension. The dats. denote similar argu-
ments.] € Z; C Z™ is alinearly bounded lattice (definition
follows), called iteration space of the quantified equation
S; [I]. The set of all vector®, I + f;, I € Z; is called the
index space of variable;.

Furthermore, in order to account for irregularities in pro-
grams, we allow quantified equatiofig|/] to haveiteration
dependent conditionals

Definition 3.2 (Iteration Dependent Conditional). A con-
ditional C!(I) is callediteration dependent conditionaf
an equation and can be equivalently expressed byZ. C
7', where the spacgc is an iteration space calledondi-
tion space

Definition 2.1.b (PLA cont’d). Hence, an equation may be
of the more complex form
VIieT; :

wi [P+ fi] = Fi (oo, [Qi — djil . ..) if CH(I)

A PLA is called piecewise regular algorithnfPRA) if

the matricesP; and @, are the identity matrix. Variables
that appear on the left hand side of equations are cdked

@ (b)

(©

Figure 1. Different node types of a RCDG. (a),
simple node, (b), conditional node, (c), merge
node, and (d), supernode. In (e), RCDG of the
algorithm of Ex. 3.3.

Definition 3.3 (Linearly Bounded Lattice). Ainearly
bounded latticelenotes an index space of the form

T ={Ie€Z"|I=Mx+c A Ax>b}

wherex € Z!, M € "', c € 7", A € Z™*! andb € Z™.

{k € Z' | Ax > b} denotes the set of integral points within
a convex polyhedron or in case of boundedness within a
polytope inZ!. This set is affinely mapped onto iteration
vectors/ using an affine transformatiord (= M« + ¢).

Throughout the paper, we assume that the matrixis
square and of full rank. Then, each vectois uniquely
mapped to an index poirdt Furthermore, we require that
the index space is bounded.

In order to allow not only iteration dependent condition-
als C'(I) which are static and known at compile time we

fined Variables that uniquely appear on the left hand side of extend in the following the algorithm class hyn-time de-

equations are callegutput variablesVariables that appear
on right hand sides of equations are callestd Variables

that uniquely appear on right hand sides of equations areDéfinition 3.4 (Run-Time Dependent Conditional).

calledinput variables A program is thus a system of equa-
tions that implicitly defines a function of output variables in

dependence of input variables. Some other semantical prop-

pendent conditionals

Let
CRT [1] be arun-time dependent conditionaf the form

CRT I = (Fe(...,ylg(D)],...) relop ¢ )

erties are particular to the class of programs we are dealingvhere 7. (...,z[g(I)],...) denotes an arbitrary function

with.
Single assignment propertjny instance of an indexed

involving constants and linearly indexed variables only.
relop € {=,>,>,<,<,#} denotes the set of relational

variable appears at most once on the left hand side of angperators and: € R is a constant.
equation or, all equations defining the same variable are

identical.
Computability There exists a partial ordering of the

Definition 3.5 (DPLA/DPRA). Adynamic piecewise linear
algorithm (DPLA) is a PLA where an additional type of

equations such that any instance of any variable appearingquations expresses additional restrictions by run-time
on the right side of an equation appears on the left hand sidedependent conditionals as follows:

earlier in the partial ordering.
Execution Model The execution model of programs is

architecture independent. A program may be executed as
follows: (1) All instances of equations are ordered respect-
ing the above defined partial ordering. (2) The indexed vari-

Fr(.ozi[tD)],...) if (CHI) A CRTI))
{ Fo(apu(I)],...) if (CHI) A =CRT[I])

with S(I) = Pll—‘rfz, t(I) = ij—dji, andu(I) = QkI—

ables are determined by successive evaluation of equationsiy;. The notation-C*T [I] denotes the negation of the run-

The domaing; are defined as follows:

time dependent conditiond*" [I], this is similar to the



(@) (b)

1 FORALL(z=0; 2 < N —3; 2 + +) hilz,y] = pile+2,y] — pilz,y] +

2 FORALL(y=0; y <M —3; y++) pilz + 2,y +2] — pi[z,y + 2] +

3 h = pilz +2,y] — pi[z, y]+ 2pilz + 2,y + 1] — pilz,y + 1))
pilr + 2,y +2] —pilz,y + 2]+ —hilz,y]  if Ci[z, Y]
2(pilz + 2,y + 1] — pilz, y + 1]); haolz,y] = { halz 7] if =C [7x ]

4 IF (h < 0) He Y ey

6 END”:[ N pilr +2,y+2] —pilr +2,y] +

7 v = pilz,y + 2] = pilz, Y|+ Upila ,

iz + 1,y +2] — pilz + 1,

il 2.5+ 2] — pil + 2,y (pi v+ ] = pi yl)
o+ Ly +2)— e+ Lyl wlo = { el 1)

8 IF(v < 0) vifz,y] if —Calz, y]

9 v = —v; sifz,y] = holz,y] + vz, y)

10 ENDIF wley] = 255 if Cs[z, y]

11 s = htu A%y = silz,y] if =Cslz, y]

12 IF (s > 255)

13 s = 255; pofr+Ly+1] = s2[z,9]

14 ENDIF Cilz,y] = (hafz,y] <0)

15 polt +1,y+1] = s Colz,y] = (vi]z,y] <0)

16  ENDFOR _

WithZ ={z,yeZ|1<2<N-3A1<y<M-3}

Figure 2. In (a), pseudo code of an edge detection algorithm. In (b), the same algorithm written in the
notation of a DPLA.

= yli,
= yli,
(z[2i — 1,5] > 1)
(i>0 A j<3)

else-branch of an if-conditional. We introduce intermediate z'i,j
variablesz}! [s(I)] = F} (...) and2? [s(I)] = F?(...). 2%, j
Note, the usage of variables defined in one branch is limited ,gr,. .
to the scope of only this branch, they cannot be used in other [1
parts of the program. A DPLA is callettiynamic piecewise cu
regular algorithm(DPRA) if the matrices’;, @), and Q,

are the identity matrix.

| - 2[2i—1,]]

]

J
J

A PRA might be expressed by a so calledluced depen-

Note that by this definition we can strictly partition each dence grapi{RDG) [19], also a DPRA can be expressed by
condition into an iteration dependent conditional and a run- @ RDG extended by run-time dependent conditionals.
time dependent conditional (separability). Due to both, the
run-time dependent conditional ") and the negated run-
time dependent conditionakC*T), the left hand side vari-
able of an equation is defined whensoeE ) is fulfilled,

and thus the computability property of a program remains
satisfied. Furthermore, a corresponding static dependenc

graph of a DPLA can be specified as will be shown subse-So¢iated asimple nodev; € V. To each equation as de-
quently. But first, in Ex. 3.1 and Ex. 3.2 we give examples fined in Def. 3.5 there are associated two special nodes: (i),
of a DPRA and a DPLA, respectively. oneconditional nodeyc, € V¢ is associated to a run-time

dependent conditional*" to determine which of the vari-

Example 3.1 ablesz?, z¥ is selected in (i), anerge nodeyy;, € Vi, .
Since, by definition the nodesg, v{ are only intermedi-

o] = { 2. csWl=1) ¢ (p1; — 1] £ 0) ate nodes, they can grouped together with negeand

Definition 3.6 (RCDG). Thereduced control/dependence
graphRCDGG = (V, E, D) associated to a dynamic reg-
ular algorithm as defined above is defined as follows: The
set of noded/ can be divided into three disjoint subsets
& =VsUVy Ule. To each variabler; [I] there is as-

~ sinz{i=1]) it (2]i — 1] = 0) the corresponding merge nodg,, to onesupernode In

Fig. 1 (a)-(d), graphical symbols of the different node types
are shown. Furthermore, a set of edgésconsists of
Example 3.2 two disjoint subsetd¥ = Ep U Ec. There is an edge
(vi,v;) € Ep with distance vectot;; if the variablex;
zti, 5] if (C®[i, 5] A CY(I)) directly depends om; via the dependence vectdy;. Each
{ 4 EﬁcRT[Z',j} A cl(j)) conditional nodevclm € Ve controls one or more merge

gl = ij] i

T



nodesvy,, € Vyy,. These control dependencies are speci-
fied by an edgéuve,,vy,) € Ec.

In the following small example all the definitions are
wrapped-up. In the majority of cases, starting point is a
given program in a high-level language like C or Java.

Example 3.3 Consider the following fictive program frag-
ment given in a pseudo language:
1 FORALL(i=1;4i<N;i++)
FORALL (j=1;j < M; j++)
bli,j] = bli,j — 1];
a[iuj] = a[i_ 1’j] + b[l,]],
IF (afd, j] > 10)
a[i’j] = 10;
ENDIF
ENDFOR
9 ENDFOR

This program can be formulated as a DPRA as follows:

O~NO O WN

al[iaj] a2[li 17]] + b[l7]]
1 . . . .
o Joaslig] i (aald, 5] > 10)
azlidl = { aQlij] it (arli,j] < 10)
asli, j] 10
ag[laj] al[ivj]
with the iteration space 7 =

{i,jeZ|1<i<N A1<j<M} common to all

e Assumed enough resources are available, different
branches of a run-time dependent conditional may be
executed in parallel to achieve highest performance.
These types of run-time conditionals are very common
in image processing algorithms where often absolute,
threshold, or min/max values are computed. Due to the
balanced behavior of branches’ execution time an op-
timal static linear schedule can be derived at compile-
time.

If the computation of one branch is more hardware
costly, it makes sense to share the resources since dif-
ferent branches of a conditional are mutually exclu-
sive.

Unbalanced branches. When the execution times of
branches are different (unbalanceédr1 — wxo| > 0),
linear static scheduling may lead to sub-optimal execu-
tion times, since the worst case execution time is always
given by the longest branch. Then, worst case and best
case run-time estimations might be of interest, or tech-
nigues such as loop shifting and compaction as in [7] can
be considered in order to balance the branches. If the loop
branches may not be balanced properly using branch bal-
ancing so that the overhead in execution time would not be
tolerable, mixed scheduling concepts consistingniXed
static/dynamic schedulesr quasi-static scheduleghere
events generated at run-time from the evaluation of dy-
namic data dependencies and trigger statically optimized
sub-schedules.

In the following we consider only the case when the

equations. Note that in order to satisfy the single assign- branches are simplgnearly balanced and both branches
ment property, variables have been renamed. This can beare computed in parallel to allow fastest execution. Then, an
performed during a data dependence analysis of a givenoptimal static schedule may be derived by the formulation
algorithm [13]. A corresponding reduced dependence and solving of anixed integer linear progrartMILP), sim-
graph is depicted in Fig. 1 (e). Here, for each left hand ilar as in [9, 21]. Therefore, additionally a resource graph
side variable §, a1, a2) of the DPRA exists one node. The has to be specified which expresses the binding possibili-
evaluation of the run-time dependent conditional is denotedties of operations to functional units and execution times

by the triangular-shaped nodg which generates a control
signal (dashed edge). This control signal selects in the
second triangular-shaped nodd whether the first or the
second branch is assigned to variaklg

and pipeline rates of these units. Due to the sake of brevity
and the well-known concepts we omit the MILP formula-
tion here and refer to [9, 21]. The MILP has to satisfy the
following conditions: Obviously, one necessary condition

to allow the parallel execution is that in the given resource
graph there must exist disjoint binding possibilities of op-
erationsue, v}, v? for each conditional and its branches.

Then the parallel execution is satisfied by the following con-
straints

4 Scheduling of DPRAs

Let we be the execution time to evaluate a run-time
dependent conditional. Furthermore, let: andw o be
the execution times of the if- and the else-branch of an

: . 1. casewc = :
equation, respectively, and,,,, = max{wc,wr1,wxo}. we wTax
Then with respect to scheduling dynamic data dependen- T(ve) < T(Uz(')) < 7(ve) + we —wg
cies, different cases can be considered: T(ve) < 7(v7) < T(ve) + we — wyo
Nearly balanced branches. The conditional branches 2. casewrr = wyo:

are (nearly) balanced if the following condition holds:
We = Wmax V wWr1 = wro. Then, two hardware resource
models might be considered:

1The branches are not nested and can be encapsulated as shown in
Fig. 1 (e) and Fig. 3, respectively.
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Figure 3. RCDG of the edge detection algo- a(add)=1
rithm. Figure 4. Resource graph of the edge detec-
tion algorithm.
T(v;) = 7(v7)
T(vi) < 7(ve) < T(v]) + wr —we 5 Conclusions and Future Directions

wherer (v;) denotes the relative start time of each operation

v In this paper we presented an extension of the class of
i

PLAs in order to model one type of dynamic data depen-
dencies. This extension significantly increases the range
of applications which can be parallelized and mapped to
. ) ) o . massively parallel processor arrays. Furthermore, we out-
A lot of computational intensive applications for video |ined in which case these extensions can directly used — with

and image processing consist of nested loop programs withgjight changes — within traditional mapping methodologies
only few andsmall run-time dependent conditionals. As pssed on loop parallelization in the polytope model.
example we consider in the following an edge detection al- ) , , ,
gorithm which is given as pseudo code in Fig. 2. In order Currently we investigate nested and computational inten-

to formulate the scheduling problem as a MILP we have to sive branches where the parallel execution of both branches

denote the available resources. This can be expressed by i§ 100 expensive [10]. In the future we would like to con-
resource graph as shown Fig. 4. An edge in this graph mod-fs'der also unbalanged branche;. Her_e, a two-stage schgdul-
els the possibility that; might be executed on one instance N9 Methodology might be applied: within a branch a static
of resource type;. To each edge an execution time of node n€ar schedule can be determined during compile time,
v; ON resource typey, is associated. Furthermore, to each around these static parts a dynamic or data _flow d_rlven con-
resource type, a numbera(r,) of available instances is c_ept has to be developed. In case of reconfiguration at run-
associated. In the example, the assignment and multiplextiMe our resource graph has to be extended to allow the
operations are considered to have zero clock cycles delayM0deling of reconfiguration times in order to perform pre-
Furthermore, the parallel execution of branches is possibleCiS€ Worst/best case execution estimations.

by the given resource graph. The schedule of one possible The newly class of DPLA introduced in this paper is cur-
and optimal solution is shown in Fig. 5 for three subsequentrently integrated into the PARO design system [1, 15]. Fur-
instances. After a period d? = 3 a new computation can thermore, in the future we would like to adapt our design
start on the same resources. In Fig. 6, a corresponding hardmethodology in order to target also coarse-grained recon-
ware realization is depicted. figurable architectures [8].

4.1 Example, Edge Detection
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Figure 5. Schedule of the edge detection al-
gorithm.
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Figure 6. Block diagram of hardware.
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