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Abstract. In this paper, particle trajectories of PSO algorithms in the
first iteration are studied. We will prove that many particles leave the
search space at the beginning of the optimization process when solving
problems with boundary constraints in high-dimensional search spaces.
Three different velocity initialization strategies will be investigated, but
even initializing velocities to zero cannot prevent this particle swarm ex-
plosion. The theoretical analysis gives valuable insight into PSO in high-
dimensional bounded spaces, and highlights the importance of bound
handling for PSO: As many particles leave the search space in the be-
ginning, bound handling strongly influences particle swarm behavior.
Experimental investigations confirm the theoretical results.

1 Introduction

Particle Swarm Optimization (PSO) [1] is a population-based algorithm for
global optimization. All population members, from now on called particles, ex-
plore the n-dimensional search space S of an optimization problem with objective
function f: S C R™ — R. Without loss of generality (W.l.o.g.), we will assume
minimization problems. Each particle has a position x;+, a velocity v;, and a
fitness value f(x; ), where ¢ is the iteration counter. A position z; € S is called
better than zo € S iff f(z1) < f(z2). The best search space position particle 4
has visited until iteration ¢ is its private guide p; .. To each particle, a subset
of all particles is assigned as its neighborhood. The best private guide of all
neighbors of particle ¢ is called its local guide l; ;. In each iteration, position and
velocity of each particle ¢ are updated according to the following equations:

Vit =W Vj—1+c1-T1O (pi,t71 —ip1)+ e 2O (L1 — Tip—1)
Tt =Xit-1+ Vit

where w, ¢1, and ¢y are prespecified parameters, ;1 and r4 are vectors of random
real numbers uniformly chosen between 0 and 1, and independently drawn every
time they occur. ® denotes element-by-element vector multiplication.

In this paper, optimization problems with boundary constraints are studied,
ie, S = [lby,ub1] x [lba,ubs] X ... x [lb,,ub,] is bounded. W.lo.g., we will
assume S = [—r, r|". As many real-world problems and most benchmark suites
have boundary constraints, a lot of strategies to handle them can be found in
the literature (e.g., [2-6]). We will consider the following three strategies:



— Infinity allows particles to enter invalid space, does not alter positions or
velocities, and skips the evaluation step for infeasible particles [6].

— Absorb sets invalid particles on the nearest boundary and all affected velocity
components are set to zero [7].

— Random sets all invalid components of a particle’s position vector to a ran-
dom value, and the velocity is adjusted: v; 41 = @i 41 — i [4].

Most theoretical studies of PSO concentrate on the important task of se-
lecting appropriate values for ¢j, ¢z, and w [8-10]. Some widely-used stan-
dard settings were derived from these analyses, e.g., ¢c; = co = 1.496172,w =
0.72984 [6], or ¢; = co = 1.193,w = 0.721 [11]. Often, PSO analyses assume
1-dimensional problems as each component of position and velocity vector is
updated separately. However, for a deeper understanding of particle swarms in
high-dimensional, bounded search spaces, the peculiarities of high-dimensional
spaces have to be taken into account. Previous studies have already shown that
the “curse of dimensionality”, which means that high-dimensional spaces are
not intuitive, is an important topic in particle swarm optimization [12]. It was
proven that particles are initialized very close to at least one boundary. More-
over, it was shown that, with overwhelming probability (w.o.p., for a definition,
see Section 2), the best particle leaves the search space in the first iteration when
velocities are initialized uniformly at random in [—r, r]™.

In the following analyses, PSO in high-dimensional search spaces is stud-
ied in more depth. We will show that uniform velocity initialization causes not
only the best, but all particles to leave the search space, w.o.p. The fact that
many particles leave the search space was noted earlier [13, 7], but never proven
theoretically.

In order to avoid that too many particles leave the search space at the be-
ginning, other velocity initialization strategies were proposed:

— Zero [13]: Particle velocities are initialized to zero.
— Half-diff [11]: Let «; o be the initial position of particle 4, and y; drawn
uniformly at random in S. Then, v; ¢ is set to %(yz —;0).

In Section 2, we will prove that using zero or half-diff initialization also causes
many particles to leave the search space, w.o.p. We will derive some consequences
for PSO application afterwards. In Section 3, different velocity initialization
strategies and bound handling mechanisms will be studied experimentally on
known benchmark problems.

2 Theoretical Results

Particle trajectories in the first iteration will be analyzed for three different
velocity initialization strategies. Two main results will be derived:

— When using uniform velocity initialization, all particles leave the search space
in the first iteration, w.o.p.



— When using zero or half-diff initialization, all particles which have a better
neighbor than themselves leave the search space in the first iteration, w.o.p.
For realistic optimization problems and most commonly-used neighborhood
topologies, this is the majority of the particles.

The following assumptions will be used: 1 < ¢3 < 2,0 < w <1, ¢ and w
do not depend on n, and particles are initialized uniformly at random in the
n-dimensional search space [—r,7]™ C R™. The particles are connected via an
arbitrary neighborhood topology, including the fully connected swarm. For each
particle ¢ with x; 0 # l; 0, 1; o is distributed uniformly at random in S. Actually,
the local guides’ positions depend on the optimization problem. However, the
above assumption is not too restrictive for higher-dimensional problems, which
is confirmed by Examples 1, 3, and 4 (PSO Ezp.).

Definition: An event A(n) happens with overwhelming probability (w.o.p.)
with respect to n if there exists a constant v > 0 such that P(A(n)) = 1 —
e~ 207) where £2 belongs to the big-O notation for expressing asymptotic be-
havior. Hence, an overwhelming probability with respect to n rapidly approaches
1 when n increases.

2.1 Uniform Velocity Initialization

Theorem 1. If velocities are initialized with uniform distribution in the search
space, all particles which are initialized such that they have at least one neighbor
with better fitness value than themselves (i.e., ;0 # l; o) leave the search space,
w.0.p.

Proof. Let particle i be an arbitrary particle satisfying the above assumptions.
As p; o = x;,0, its position and velocity in the first iteration evaluate to

Vi1 =w-Vio+c2-T20 (Lio— Tio) (1)
Ti1=@ioF+vi1=w-vio+(l—co-r2)Oxi0+ca-r20lo .

Hence, for fixed 73, the d-th component of x; 1, x; 1,4, is the sum of three
non-identical uniformly distributed, independent random variables. Its density
function f;, , ,(2) can be computed using the formula presented by Bradley and
Gupta [14, Theorem 1]. The probability that a particle crosses the boundary in
dimension d evaluates to:

q1 (T2,d7 027“‘)) = f__; fwi,l,d(z)dz + froo fﬂvi,l,d(z)dz =

2 2.2
—3w +6ch2,dw—4c2r2yd

. 3 w
712(4)(17621”2,,1) (_ pl) lf O S Tz’d < E (2)
w . W 2—w
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As rg 4 is uniformly drawn from [0, 1], the probability p4(cz,w) that a particle
violates the boundary in a specific dimension evaluates to:

1
palca,w) = [y qu(ra,a, c2,w)dra g =

(24wes) 71 (—836w46w? In(2) —12w? In(2—w)+5w2 —36w In(2)+24w In(2—w)+8 In(2)
—16In(2—w)—3w? In(w)+2w? In(2—w) 48 In(24w)+12w In(24+w) +6w? In(2+w)
—24wIn(ea)—w? In(eo)+w® In(2+w)+w? In(ca—1)+24wes) if 24+w—2¢2<0 (3)

(12wea) ™1 (—10w+6w? In(2) —6w? In(2—w)+5w? —12w In(2)

+12wIn(2—w)+81n(2)—8In(2—w)—w? In(w)+w? In(2—w)

+41In(cp)+6—6w ln(02)+3w2 ln(cz)+6w02+20§—8(;2) if 24+w—2c2>0

Eq. (3) can be used for calculating pa(c2,w) for specific values of ¢ and w
(see Example 1). In order to prove that particles leave the search space w.o.p.,
we must show that pa(ce,w) > 0. Therefore, we use the following fact:

@ 2-w min{3t% 1} 1
2cq 2¢co 2¢ep
pa(ca,w) =/ p1d7“2,d+/ p2d7"2,d+/2 p3d7“2,d+/ , padra g
0 % ey min{ Qt;’ 1}
ll(c2’w)20 lg(Cg,w)ZO l3(¢:2,w)20 14(62,(.0)20

We compute l(ca,w) = W and Iy (cz,1) = %102(2) > 0.

If w < 1, then ls(co,w) > 0, otherwise Iy (c2,w) > 0. Thus, pa(ce,w) > 0, and
the probability that a particle leaves the n-dimensional search space is

Palca,w,n) =1—(1—pa(cg,w)) =1—e" M (4)

O
Ezample 1. Two experiments were conducted for this and subsequent examples:

Conf. Ezp.: In order to confirm that the mathematical analysis is correct
under the given assumptions, the following experiment was conducted: x; o, v;,0,
l;o, and 79 were randomly drawn according to the assumptions, and x;; was
calculated according to Eq. (1). The probability for @; 1 ¢ S was evaluated by
performing 107 runs per considered problem dimensionality.

PSO Ezp.: In order to determine the relevance of the theoretical results for
PSO, the following experiment was performed: The PSO is applied on all CEC
2005 benchmarks [15] which are scalable with respect to the search space di-
mensionality (some problems include matrices which are only given for at most
50 dimensions): {1, {2, {5, {6, {9, f12, {13, f15. Standard settings for the PSO
as presented in Section 3 were used, except for that particles are not included
in their own neighborhood so that for all particles x;o # l;0 holds. For each
benchmark, 10,000 runs with 50 particles were performed.

The theoretical results were obtained by using Eq. (3) and Eq. (4).

Theor. result Conf. Exp. PSO Exp.
4 (1.496172,0.72984, 1) 0.17074 0.17072 0.149587
P4 (1.496172,0.72984, 30) 0.99636 0.99648 0.99582
/4 (1.496172,0.72984,100) 0.9999999926 1 1




Fig. 1. The probabilities pa(cz2,w) (left) and pp(cz,w) (right)

The comparison of the theoretical results and Conf. Exp. confirms the math-
ematical analysis. PSO Ezp. shows that the assumption that local guides I; o are
uniformly distributed at random in S is not too restrictive (see also subsequent
examples) for higher-dimensional spaces. Moreover, the example demonstrates
that the probability that a particle leaves the search space rapidly approaches 1
when increasing the search space dimensionality.

The probability pa(ce,w) that a particle which is not its own local guide
violates a specific boundary in the first iteration is shown in Fig. 1. It approaches
zero for co — 1 and w — 0. However, choosing such small values for ¢, and w
prevents exploration, and can therefore not be recommended.

Theorem 2. If velocities are initialized with uniform distribution in [—r,r]"™,
each particle i with ®; o = l; o leaves the n-dimensional search space in on average
7 - n dimensions in the first iteration.

Proof. Asp;o=1;0 = =0, particle i’s position x; ; and velocity v; 1 in the first
iteration evaluate to v; 1 = w-v; 0 and x; 1 = ®; 0 + Vi1 = T;,0 +w - V0. Hence,
the d-th component of x; 1, 2; 1,4, is the sum of two independent, uniformly
distributed random variables. Its density function f,, , , is trapezoidal and can
be determined by convolution:

ﬁz—kﬁ—&—ﬁw for —r—wr<z<wr-—r
1

fIi,l,d(z) =g

1 1 1
—omit ot o for —wr+r<z<r+uwr

forwr —r<z<r-—uwr

0 otherwise

Thus, the probability pp(w) that particle ¢ exceeds the search space boundary

in dimension d is pp(w) = [~ fu,,.(2)dz + f:ﬂ” frira(2)dz = 2. O



Corollary 1. Fach particle satisfying the assumptions of Theorem 2 leaves the
n-dimensional search space in the first iteration, w.o.p.

Proof. The probability pz (w, n) that a particle which satisfies the given assump-
tions leaves the search space evalutes to

Prlw,n) =1—(1—w/4)" =1—e M
O

Ezample 2. We evaluate p’5(0.72984, 30) = 0.99763, p/5(0.72984, 100) = 0.99999,
which shows that p’z(w,n) rapidly approaches 1 when increasing n.

From Theorem 1 and Corollary 1 follows that, w.o.p., all particles leave the
search space in the first iteration, when initializing velocities uniformly at ran-
dom in S.

2.2 Zero and Half-Diff Velocity Initialization

We will now show that using zero or half-diff initialization cannot avoid that
many particles leave the search space in the first iteration, either.

Theorem 3. If velocities are initialized to zero, each particle i with x;o # ;o
leaves the search space in the first iteration, w.o.p.

Proof. Let particle ¢ be an arbitrary particle satisfying the above condition. Its
position and velocity in the first iteration are given by

Vi1 =w-Vig+c1-T1O (Pio—Xip)+c2-T20 (Lip—xip) =
=c2-1T20 (Lio— i)
Ti1=TioF+vi1=(1l—co-12)Oxy0+c2-T20lo .
For fixed rg, x;,1,4 is the sum of two non-identical uniformly distributed random
variables, and therefore trapezoidally distributed. If ry 4 < é, particle ¢ does not
violate the boundary in dimension d. Otherwise, the density function f,,, , of

x;1,4 can be computed (omitted due to space constraints), and the probability
g2(r2,4, c2) that particle ¢ crosses the search space boundary in dimension d is

{f:; Foona@dz+ [ fo ()2 =1 = ifrpg > L
0

q2(r2,d,2) = otherwise

As 79 4 is uniformly distributed between 0 and 1, we finally determine the prob-

ability pc(c2) that a particle violates the boundary in a specific dimension to

—1—In(c2) + ¢
C2 '

1
pe(c2) :/ g2(r2,4,c2)dra g = (5)
0

From ¢, > 1, pc > 0 follows. Thus, the probability pi.(c2) that particle i leaves
the n-dimensional search space evaluates to

pilca,n) =1— (1 —pe(e))" =1—e M (6)
O



Ezample 3. For the theoretical results, Eq. (5) and Eq. (6) were used.
Theor. result Conf. Exp. PSO Exp.

Pe(1.496172, 1) 0.06233 0.06223  0.04548
P (1.496172,30)  0.85497 0.85574  0.83358
p(1.496172,100)  0.988 0.998 0.99801

The example confirms the theoretically derived formulas for pc(c2) and pi(c2, 1),
and the relevance of the theoretical results for high-dimensional PSO application.

Conjecture 1. If the particles’ velocities are initialized according to the half-diff
strategy, each particle ¢ with x; o # l; o leaves the search space, w.o.p.

Similar to the proof for Theorem 1, the probability pp(ce,w) that a particle
leaves the search space in dimension d can be evaluated to

pD(027w) = fol (f::o fl’i,l,d(z)dz + froo fl'i,l,d(z)dz> dr?,d =

= (12wea(w—2)) "1 (32w—22w? +3w> —16 In(2) +24w In(2)+16 In(2—w) (7)
—24w In(2—w)+24 In(ca)w—12w? In(2)+12w? In(2—w) —12 In(c2)w? +2w> In(2)
—2w? In(2—w)+2 ln(cz)w3+2w3 1n(w)—24w02+12w202—2w3 In(w—2+42c¢2))

and is plotted in Fig. 1 (right). The probability that a particle leaves the n-
dimensional search space in the first iteration is

pplea,w,n) =1~ (1 =pp(ez,w))" (®)

which is overwhelming if pp (c2,w) > 0. Fig. 1 shows that there is strong evidence
that pp(ce,w) > 0, at least for commonly used values for ¢y and w, e.g., co > 1.1
and w > 0.3.

Ezample 4. For the theoretical results, Eq. (7) and Eq. (8) were used. Again,
the theoretical results are confirmed:

Theor. result Conf. Exp. PSO Exp.
pp(1.496172,0.72984, 1) 0.094572 0.094661  0.077998
p’p(1.496172,0.72984, 30) 0.949229 0.950656  0.941712
pp(1.496172,0.72984,100)  0.999952 0.999954  0.999935

2.3 Consequences for PSO Application

The theoretical analysis showed that none of the three investigated velocity
initialization strategies can avoid that many particles leave high-dimensional
search spaces as early as in the first iteration. Even initializing velocities to
zero cannot prevent particle explosion. For PSO application, there exist several
strategies to deal with this observation:

In order to avoid that particles leave the search space, bound handling strate-
gies which keep the particles inside the search space, such as Absorb or Random,
can be applied. Many other strategies exist in the literature [2-5]. From the



methods studied in the experimental analysis in Section 3, Absorb performed
best. However, hybrid methods as proposed by Clerc [2] seem to be promising.

When using Infinity bound handling, which is a commonly used strategy [6],
many particles mainly explore invalid space at the beginning of the optimization
process. In our experiments (see Section 3), Infinity was significantly outper-
formed by Random and Absorb on almost all 100-dimensional problems. Velocity
clamping can help particles to reenter the search space.

More general approaches for constraint handling, e.g., the use of penalty
functions, can also be applied to deal with the initial particle explosion.

3 Experimental Results

The following experimental analysis studies the impact of velocity initialization
and bound handling in particle swarm optimization. For all experiments, the
PSO with standard parameter settings [6] (50 particles, ¢; = co = 1.496172,w =
0.72984) was applied on four widely-used benchmarks, Sphere, Rosenbrock, Ras-
trigin, and Griewank (function descriptions and particle initialization ranges see,
e.g., [6]), and on the CEC 2005 benchmarks f1, 2, {5, {6, 9, {12, {13, {15 [15].
When solving a CEC benchmark, particles were initialized uniformly at random
in S. The swarm is connected via the von Neumann topology, a two-dimensional
grid with wrap-around edges [16]. A particle is included in its own neighborhood.

The PSO terminated after 100,000 function evaluations, and each config-
uration was repeated 100 times. In order to compare the performance of two
algorithms A and B, the one-sided Wilcoxon rank sum test was used with null-
hypothesis Hy : Fa(z) = Fp(z), and the one-sided alternative Hy : Fa(z) <
Fp(z) (where Fx(z) is the distribution of the results of algorithm X). Statisti-
cal significance was evaluated on a significance level of 0.01.

3.1 Velocity Initialization

In the theoretical analysis, three different velocity initialization strategies were
studied. Uniform initialization causes all particles to leave the search space,
w.0.p, whereas zero initialization slows down initial exploration. Hence, although
none of the strategies can avoid that many particles leave high-dimensional
search spaces, w.o.p., half-diff initialization seems to have fewest drawbacks.

In order to confirm this assumption, experiments were conducted on all 100-
dimensional benchmarks. The following tables summarize the one-sided Wilcoxon
rank sum test. For each algorithmic combination (A, B) the matrices show how
often A significantly outperformed B. E.g., entry “1” in the first table shows
that uniform significantly outperformed half-diff on one benchmark (out of 12).

Absorb bound handling Random bound handling
123 123
uniform (1) 0 2 1 uniform (1) 0 0 0
zero (2) 200 zero (2) 000
half-diff (3) 4 4 0 half-diff (3) 2 2 0




Table 1. Comparison of bound handling strategies. The tables show summaries of
one-sided Wilcoxon rank sum tests with significance level 0.01. S is the set of all
benchmarks. Example: Entry {f5, f9} in the first table shows that Absorb performed
significantly better than Infinity on f5 and f9.

Half-diff velocity initialization, 30 dimensions

Absorb Infinity Random
Absorb - {15, 0} {fL, 2, 5, 16, 19, f12, f15}
Infinity {f2, f12, f15} {f1, £2, f5, £6, f12, 15}
Random {Rastrigin} {Rastrigin, Griewank} -

Half-diff velocity initialization, 100 dimensions

Absorb Infinity Random
Absorb — S\{Sph., Rosenbr.} {f1, £2, {5, 6, {9, f12, {15}
Infinity - - -
Random {Sph., Rosenbr., Rastr.} S\{Sph.} -

Half-diff velocity initialization provides slightly better results than the other
two strategies, and can therefore be recommended for PSO application.

3.2 Bound Handling

The theoretical analysis showed that many particles leave the search space at
the beginning of the optimization process. To each of these particles, the bound
handling procedure is applied, and therefore, bound handling strongly influences
the particle swarm behavior, at least in the early steps of the algorithm. In order
to check experimentally whether the bound handling method actually strongly
influences particle swarm performance and whether the effect is stronger when
more search space dimensions are involved, three bound handling strategies (Ab-
sorb, Random, and Infinity) were investigated on 30- and 100-dimensional op-
timization problems. Half-diff velocity initialization was used. The results are
shown in Table 1, and confirm significant performance differences, especially for
the 100-dimensional benchmarks.

4 Conclusion

Particle trajectories during the first iteration were investigated theoretically for
three widely-used velocity initialization strategies. It was proven that many par-
ticles leave the search space as early as in the first iteration. To be more precise:
Uniform velocity initialization causes all particles to leave the search space with
overwhelming probability (w.o.p.) with respect to the search space dimensional-
ity n. In order to reduce the number of particles leaving the search space, other
velocity initialization strategies, among them zero [13] and half-diff [11] initializa-
tion, were proposed. However, this study showed that still many particles leave



the search space, w.o.p. Examples demonstrated that this probability rapidly
approaches 1 if the search space dimensionality is increased. Consequences for
PSO application and strategies to deal with this observation were derived.

The presented analysis highlights the importance of bound handling for PSO:

As the bound handling procedure is applied to many particles at the beginning
of the optimization process, it strongly influences particle swarm behavior. The
experimental study confirms significant performance differences when varying
the bound handling method.
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